NEUB CSE 121 Lecture 6: First Order Circuits
In this lecture, we shall examine two types of simple circuits: a circuit comprising a resistor and
capacitor and a circuit comprising a resistor and an inductor. These are called RC and RL circuits,
respectively. As simple as these circuits are, they ﬁnd continual applications in electronics,
communications, and control systems, as we shall see.
We carry out the analysis of RC and RL circuits by applying Kirchhoff’s laws, as we did for resistive
circuits. The only difference is that applying Kirchhoff’s laws to purely resistive circuits results in
algebraic equations, while applying the laws to RC and RL circuits produces differential equations,
which are more difficult to solve than algebraic equations. The differential equations resulting from
analyzing RC and RL circuits are of the first order. Hence, the circuits are collectively known as firstorder circuits.
In addition to there being two types of first-order circuits (RC and RL), there are two ways to excite
the circuits. The first way is by initial conditions of the storage elements in the circuits. In these socalled source-free circuits, we assume that energy is initially stored in the capacitive or inductive
element. The energy causes current to ﬂow in the circuit and is gradually dissipated in the resistors.
Although source-free circuits are by definition free of independent sources, they may have
dependent sources. The second way of exciting first-order circuits is by independent sources. In this
lecture, the independent sources we will consider are dc sources. (In later chapters, we shall
consider sinusoidal and exponential sources.)

Source free RC circuit [Natural Response]
A source-free RC circuit occurs when its dc source is suddenly disconnected. The energy already
stored in the capacitor is released to the resistors.

(a)

(b)
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Figure 1 (a) A source free RC circuit (b) its Voltage response

Consider a series combination of a resistor and an initially charged capacitor, as shown in Fig. 1. (The
resistor and capacitor may be the equivalent resistance and equivalent capacitance of combinations
of resistors and capacitors.) Our objective is to determine the circuit response, which, for pedagogic
reasons, we assume to be the voltage v(t) across the capacitor. Since the capacitor is initially
charged, we can assume that at time t = 0, the initial voltage is
𝑣 0 = 𝑉0
(6.1)
with the corresponding value of the energy stored as
1
𝑤 0 = 𝐶𝑉02
(6.2)
2
Applying KCL at the top node of figure 1
𝑖𝐶 + 𝑖𝑅 = 0
(6.3)
By definition, 𝑖𝐶 = 𝐶 𝑑𝑣/𝑑𝑡 and 𝑖𝑅 = 𝑣/𝑅. Thus,
𝑑𝑣 𝑣
𝐶
+ =0
(6.4𝑎)
𝑑𝑡 𝑅
or
𝑑𝑣
𝑣
+
=0
(6.4𝑏)
𝑑𝑡 𝑅𝐶
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This is a first-order differential equation, since only the first derivative of v is involved. To solve it, we
rearrange the terms as
𝑑𝑣
1
=−
𝑑𝑡
(6.5)
𝑣
𝑅𝐶
Integrating both sides, we get
𝑡
ln 𝑣 = −
+ ln 𝐴
𝑅𝐶
Where ln 𝐴 is the integration constant. Thus,
𝑣
𝑡
ln = −
(6.6)
𝐴
𝑅𝐶
Taking powers of e produces
𝑡

𝑣 𝑡 = 𝐴𝑒 −𝑅𝐶
But from the initial conditions, 𝑣 0 = 𝐴 = 𝑉0 . Hence,
𝒕

𝒗 𝒕 = 𝑽𝟎 𝒆−𝑹𝑪

(6.7)
This shows that the voltage response of the RC circuit is an exponential decay of the initial voltage.
Since the response is due to the initial energy stored and the physical characteristics of the circuit
and not due to some external voltage or current source, it is called the natural response of the
circuit.
The natural response of a circuit refers to the behavior (in terms of voltages and currents) of the
circuit itself, with no external sources of excitation.
The natural response is illustrated graphically in figure 1(b). Note that at t=0, we have correct initial
condition as in equation 6.1. As t increases, the voltage decreases toward zero. The rapidity with
which the voltage decreases is expressed in terms of the time constant, denoted by the lower case
Greek letter tau, 𝜏.
The time constant of a circuit is the time required for the response to decay by a factor of 1/e or
36.8 percent of its initial value.
This implies that at time 𝑡 = 𝜏 equation 6.7 becomes
𝜏

𝑉0 𝑒 −𝑅𝐶 = 𝑉0 𝑒 −1 = 0.368𝑉0
Or
𝝉 = 𝑹𝑪
6.8
In terms of time constant the equation 6.7 can be written as
𝑡
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Observe from Eq. (6.8) that the smaller the time constant, the
more rapidly the voltage decreases, that is, the faster the response. This is illustrated in Fig. 2. A
circuit with a small time constant gives a fast response in that it reaches the steady state (or final

2

𝑣 𝑡 = 𝑉0 𝑒 −𝜏
6.9
With a calculator it is easy to show that the value of 𝑣(𝑡)/𝑉0 is as shown in Table 1. It is evident from
Table 1 that the voltage v(t)is less than 1 percent of V0 after 5τ (five time constants). Thus, it is
customary to assume that the capacitor is fully discharged (or
𝒕
𝒗 𝒕
−
𝝉
charged) after five time constants. In other words, it takes 5τ for Table 1 Values of 𝑽𝟎 = 𝒆
the circuit to reach its final state or steady state when no changes
take place with time. Notice that for every time interval of τ, the
voltage is reduced by 36.8 percent of its previous value,
𝑣(𝑡 + 𝜏) = 𝑣(𝑡)/𝑒 = 0.368𝑣(𝑡), regardless of the value of t.
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state) quickly due to quick dissipation of energy stored, whereas a circuit with a large time constant
gives a slow response because it takes longer to reach steady state. At any rate, whether the time
constant is small or large, the circuit reaches steady state in five time constants.

𝒕

Figure 2 Plot of 𝒗/𝑽𝟎 = 𝒆−𝝉 for various values of the time constant.

With the voltage v(t) in Eq. (6.9), we can find the current 𝑖𝑅 (𝑡),
𝑣 𝑡
𝑉0 𝑡
𝑖𝑅 𝑡 =
= 𝑒 −𝜏
6.10
𝑅
𝑅
The power dissipated in the resistor is
𝑉02 −2𝑡
𝑝 𝑡 = 𝑣𝑖𝑅 =
𝑒 𝜏
6.11
𝑅
The energy absorbed by the resistor up to time t is
𝑡

𝑤𝑅 𝑡 =

𝑡

𝑝 𝑑𝑡 =
0

0

𝑉02 −2𝑡
𝑒 𝜏 𝑑𝑡 =
𝑅

Notice that as 𝑡 → ∞ , 𝑤𝑅 ∞ →

1
2

τ = RC

(6.12)

𝐶𝑉02 , which is the same as 𝑤𝐶 (0), the energy initially stored in

the capacitor. The energy that was initially stored in the capacitor is eventually dissipated in the
resistor.
In summary, The Key to Working with a Source-free RC Circuit is finding:
1. The initial voltage v(0) = V0 across the capacitor.
2. The time constant τ.
𝑡

With these two items, we obtain the response as the capacitor voltage 𝑣𝐶 𝑡 = 𝑣 𝑡 = 𝑣 0 𝑒 −𝜏 .
Once the capacitor voltage is ﬁrst obtained, other variables (capacitor current iC, resistor voltage vR,
and resistor current iR) can be determined. In finding the time constant τ = RC, R is often the
Thevenin equivalent resistance at the terminals of the capacitor; that is, we take out the capacitor C
and find R = RTh at its terminals.
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Source free RL circuit [Natural response]
Consider the series connection of a resistor and an inductor, as shown in Fig. 7. Our goal is to
determine the circuit response, which we will assume to be the current i(t) through the inductor. We
select the inductor current as the response in order to take advantage of the idea that the inductor
current cannot change instantaneously. At t = 0, we assume that the inductor has an initial current
I0,or
𝑖 0 = 𝐼0
(6.13)
With the corresponding energy stored in the inductor as
1
𝑤 0 = 𝐿𝐼02
(6.14)
2

(a)

(b)

Figure 3 (a) A source free RL circuit (b) its Current response

Applying KVL around the loop in figure 3
𝑣𝐿 + 𝑣𝑅 = 0
But 𝑣𝑙 = 𝐿 𝑑𝑖/𝑑𝑡 and 𝑣𝑅 = 𝑖𝑅. Thus,
𝑑𝑖
𝐿 + 𝑅𝑖 = 0
𝑑𝑡
Or
𝑑𝑖 𝑅
+ 𝑖=0
𝑑𝑡 𝐿
Rearranging terms and integrating gives

(6.16)

(6.16)

Or
ln

𝑖 𝑡
𝑅𝑡
=−
𝐼0
𝐿

(6.17)

Taking the power of e, we have
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𝑅𝑡

𝑖 𝑡 = 𝐼0 𝑒 − 𝐿
6.18
This shows that the natural response of the RL circuit is an exponential decay of the initial current.
The current response is shown in Fig. 3(b). It is evident from Eq. (6.18) that the time constant for the
RL circuit is
𝑳
𝝉=
6.19
𝑹
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with τ again having the unit of seconds. Thus, Eq. (6.18) may be written as
𝒕

𝒊 𝒕 = 𝑰𝟎 𝒆−𝝉
6.20
With the current in Eq. (6.20), we can find the voltage across the resistor as
𝑡

𝑣𝑅 𝑡 = 𝑖𝑇 = 𝐼0 𝑅𝑒 −𝜏
The power dissipated by the resistor is
2𝑡

𝑝 = 𝑣𝑅 𝑖 = 𝐼02 𝑅𝑒 − 𝜏
The energy absorbed by the resistor is

6.21
6.22

Or
2𝑡
1
𝑤𝑅 𝑡 = 𝐿𝐼02 1 − 𝑒 − 𝜏
(6.23)
2
1
Note that as 𝑡 → ∞, 𝑤𝑅 ∞ → 2 𝐿𝐼02 , which is the same as 𝑤𝐿 (0), the initial energy stored in the

inductor as in Eq. (6.14). Again, the energy initially stored in the inductor is eventually dissipated in
the resistor.
In summary, The Key to Working with a Source-free RL Circuit is to Find:
1. The initial current 𝑖(0) = 𝐼0 through the inductor.
2. The time constant τ of the circuit.
𝑡

With the two items, we obtain the response as the inductor current 𝑖𝐿 𝑡 = 𝑖 𝑡 = 𝑖 0 𝑒 −𝜏 . Once
we determine the inductor current iL, other variables (inductor voltage vL, resistor voltage vR, and
resistor current iR) can be obtained. Note that in general, R in Eq. (6.19) is the Thevenin resistance at
the terminals of the inductor.
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Singularity functions
Before going on to analyze different responses we need to first consider some mathematical
concepts that will aid our understanding of transient analysis
Singularity functions (also called switching functions) are very useful in circuit analysis. They serve as
good approximations to the switching signals that arise in circuits with switching operations. They
are helpful in the neat, compact description of some circuit phenomena, especially the step
response of RC or RL circuits to be discussed in the next sections. By definition,
Singularity functions are functions that either are discontinuous or have discontinuous derivatives.
The three most widely used singularity functions in circuit analysis are the unit step, the unit
impulse, and the unit ramp functions.

Unit Step function
The unit step function u(t ) is 0 for negative values of t and 1 for positive values of t.

(a)

(b)

(c)

Figure 4 (a) The unit Step Function (b) The unit step function delayed by t0 , (c) the unit step advanced by t0.

In mathematical terms,
(6.24)
The unit step function is undefined at 𝑡 = 0, where it changes abruptly from 0 to 1. It is
dimensionless, like other mathematical functions such as sine and cosine. Figure 4(a) depicts the unit
step function. If the abrupt change occurs at t = t0 (where t0 > 0) instead of t = 0, the unit step
function becomes
(6.25)
which is the same as saying that u(t)is delayed by t0 seconds, as shown in Fig. 4(b). To get Eq. (6.25)
from Eq. (6.24), we simply replace every t by t − t0. If the change is at t =− t0, the unit step function
becomes
(6.26)
meaning that u(t) is advanced by t0 seconds, as shown in Fig. 4(c). We use the step function to
represent an abrupt change in voltage or current, like the changes that occur in the circuits of
control systems and digital computers. For example, the voltage
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may be expressed in terms of the unit step function as
𝑣 𝑡 = 𝑉0 𝑢 𝑡 − 𝑡0
(6.28)
If we let t0 = 0, then v(t) is simply the step voltage V0u(t). A voltage source of V0u(t) is shown in Fig.
5(a); its equivalent circuit is shown in Fig. 5(b). It is evident in Fig. 5(b) that terminals a-b are short--

9

(6.27)
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circuited (v = 0) for t< 0 and that v = V0 appears at the terminals for t> 0. Similarly, a current source
of I0u(t) is shown in Fig. 6(a), while its equivalent circuit is in Fig. 6(b). Notice that for t< 0, there is an
open circuit (i = 0), and that i = I0 ﬂow for t> 0.

Figure 5 (a) Voltage source of V0 u(t), (b) its equivalent circuit.

Figure 6 (a) Current source of I0u(t), (b) its equivalent circuit.

Unit Impulse function
he derivative of the unit step function u(t) is the unit impulse function δ(t), which we write as

(6.29)
The unit impulse function—also known as the delta function—is shown in Fig. 7(a).
The unit impulse function δ(t ) is zero everywhere except at t = 0, where it is undefined.

Figure 7 (a) The unit impulse functions (b) different impulse functions

Impulsive currents and voltages occur in electric circuits as a result of switching operations or
impulsive sources. Although the unit impulse function is not physically realizable (just like ideal
sources, ideal resistors, etc.), it is a very useful mathematical tool.
The unit impulse may be regarded as an applied or resulting shock. It may be visualized as a very
short duration pulse of unit area. This may be expressed mathematically as
0+

𝛿 𝑡 𝑑𝑡 = 1

6.30
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where t = 0− denotes the time just before t = 0 and t = 0+ is the time just after t = 0. For this reason,
it is customary to write 1 (denoting unit area) beside the arrow that is used to symbolize the unit
impulse function, as in Fig. 7.27. The unit area is known as the strength of the impulse function.
When an impulse function has a strength other than unity, the area of the impulse is equal to its
strength. For example, an impulse function 10δ(t) has an area of 10. Figure 7(b) shows the impulse
functions 5δ(t + 2),10δ(t), and −4δ(t − 3).

10

0−
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To illustrate how the impulse function affects other functions, let us evaluate the integral
𝑏

𝑓 𝑡 𝛿 𝑡 − 𝑡0 𝑑𝑡

𝑎

6.31

where 𝑎 < 𝑡0 < 𝑏. Since 𝛿(𝑡 – 𝑡0 ) = 0 except at 𝑡 = 𝑡0 , the integrand is zero except at t0. Thus,

Or

𝑏
𝑎

𝑓 𝑡 𝛿 𝑡 − 𝑡0 𝑑𝑡 = 𝑓(𝑡0 )

6.32

This shows that when a function is integrated with the impulse function, we obtain the value of the
function at the point where the impulse occurs. This is a highly useful property of the impulse
function known as the sampling or sifting property. The special case of Eq. (6.31) is for t0 = 0. Then
Eq. (6.32) becomes
0+

𝑓 𝑡 𝛿 𝑡 𝑑𝑡 = 𝑓 0

6.33

0−

Unit Ramp Function
Integrating the unit step function u(t) results in the unit ramp function r(t); we write
𝑡

𝑟 𝑡 =

𝑢 𝑡 𝑑𝑡 = 𝑡𝑢 𝑡

6.34

−∞

Or
(6.35)
The unit ramp function is zero for negative values of t and has a unit slope for positive values of t.
Figure 8(a) shows the unit ramp function. In general, a ramp is a function that changes at a constant
rate.
The unit ramp function may be delayed or advanced as shown in Fig. 8(b) and 8(c). For the delayed
unit ramp function,
(6.36)
And for the advanced unit ramp function,

(b)

(c)
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(a)

Figure 8 (a) A unit ramp function (b) A unit ramp function delayed by t0 (c) A unit ramp function advanced by t0
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(6.37)
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We should keep in mind that the three singularity functions (impulse, step, and ramp) are related by
differentiation as
(6.38)
Or by integration as
(6.39)
Example 7.6
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Step Response of an RC circuit
When the dc source of an RC circuit is suddenly applied, the voltage or current source can be
modeled as a step function, and the response is known as a step response.
The step response of a circuit is its behavior when the excitation is the step function, which may be
a voltage or a current source.
The step response is the response of the circuit due to a sudden application of a dc voltage or
current source.
Consider the RC circuit in Fig. 9(a) which can be replaced by the circuit in Fig. 9(b), where VS is a
constant, dc voltage source. Again, we select the capacitor voltage as the circuit response to be
determined. We assume an initial voltage V0 on the capacitor, although this is not necessary for the
step response.

(a)

(b)
Figure 9 An RC circuit with voltage step input

ln

𝑣 − 𝑉𝑆
𝑡
=−
𝑉0 − 𝑉𝑆
𝑅𝐶

Prepared BY
Shahadat Hussain Parvez

6.44

Page

or

13

Since the voltage of a capacitor cannot change instantaneously,
𝑣 0− = 𝑣 0+ = 𝑉0
6.40
−
where v(0 ) is the voltage across the capacitor just before switching and v(0+)is its voltage
immediately after switching. Applying KCL, we have
𝑑𝑣 𝑣 − 𝑉𝑠 𝑢 𝑡
𝐶
+
=0
𝑑𝑡
𝑅
Or
𝑑𝑣
𝑣
𝑉𝑠
+
=
𝑢 𝑡
6.41
𝑑𝑡 𝑅𝐶 𝑅𝐶
where v is the voltage across the capacitor. For t> 0, Eq. (6.41) becomes
𝑑𝑣
𝑣
𝑉𝑠
+
=
6.42
𝑑𝑡 𝑅𝐶 𝑅𝐶
Rearranging terms gives
𝑑𝑣
𝑣 − 𝑉𝑆
=−
𝑑𝑡
𝑅𝐶
Or
𝑑𝑣
𝑑𝑡
=−
6.43
𝑣 − 𝑉𝑆
𝑅𝐶
Integrating both sides and introducing the initial conditions,
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Taking exponential on both sides
𝑣 − 𝑉𝑆
−
=𝑒
𝑉0 − 𝑉𝑆

𝑡
𝜏

,

𝜏 = 𝑅𝐶

𝑣 − 𝑉𝑆 = 𝑉0 − 𝑉𝑆 𝑒

−

𝑡
𝜏

or
𝑡

𝑣 𝑡 = 𝑉𝑆 + 𝑉0 − 𝑉𝑆 𝑒 −𝜏

7.45

Thus,
(6.46)
This is known as the complete response of the RC circuit to a sudden application of a dc voltage
source, assuming the capacitor is initially charged. The reason for the term “complete” will become
evident a little later. Assuming that Vs >V0, a plot of 𝑣(𝑡) is shown in Fig. 10.

Figure 10 Response of an RC ccircuit with initially charged capacitor

If we assume that the capacitor is uncharged initially, we set V0 = 0 in Eq. (6.46) so that
(6.47)
which can be written alternatively as
𝑡

(b)
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(a)

Figure 11 Step response of an RC circuit with initially uncharged capacitor: (a) voltage response, (b) current response.

14

𝑣 𝑡 = 𝑉𝑆 (1 − 𝑒 −𝜏 𝑢 𝑡
(6.48)
This is the complete step response of the RC circuit when the capacitor is initially uncharged. The
current through the capacitor is obtained from Eq. (6.47) using 𝑖(𝑡) = 𝐶𝑑𝑣/𝑑𝑡. We get
𝑡
𝑑𝑣 𝐶
𝑖 𝑡 =𝐶
= 𝑉𝑆 𝑒 −𝜏 ,
𝜏 = 𝑅𝐶, 𝑡 > 0
𝑑𝑡 𝜏
or
𝑉𝑆 𝑡
𝑖 𝑡 = 𝑒 −𝜏 𝑢 𝑡
(6.49)
𝑅
Figure 11 shows the plots of capacitor voltage v(t)and capacitor current i(t)
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Rather than going through the derivations above, there is a systematic approach—or rather, a shortcut method—for finding the step response of an RC or RL circuit. Let us reexamine Eq. (6.45), which
is more general than Eq. (6.48). It is evident that 𝑣(𝑡) has two components. Thus, we may write
𝑣 = 𝑣𝑓 + 𝑣𝑛

6.50

𝑣𝑓 = 𝑉𝑆

6.51

where
and
𝑡

𝑣𝑛 = 𝑉0 − 𝑉𝑆 𝑒 −𝜏
(6.52)
We know that vn is the natural response of the circuit, as discussed in the start of this lecture. Since
this part of the response will decay to almost zero after five time constants, it is also called the
transient response because it is a temporary response that will die out with time. Now, vf is known
as the forced response because it is produced by the circuit when an external “force” is applied (a
voltage source in this case). It represents what the circuit is forced to do by the input excitation. It is
also known as the steady-state response, because it remains a long time after the circuit is excited.
The natural response or transient response is the circuit’s temporary response that will die out
with time.
The forced response or steady-state response is the behavior of the circuit a long time after an
external excitation is applied.
The complete response of the circuit is the sum of the natural response and the forced response.
Therefore, we may write Eq. (6.45) as
𝑡

𝑣 𝑡 = 𝑣 ∞ + 𝑣 0 − 𝑣 ∞ 𝑒 −𝜏
(6.53)
where v(0) is the initial voltage at t = 0+ and v(∞) is the final or steady-state value. Thus, to find the
step response of an RC circuit requires three things:
1. The initial capacitor voltage 𝑣(0).
2. The ﬁnal capacitor voltage 𝑣(∞ ).
3. The time constant τ.
We obtain item 1 from the given circuit for 𝑡 < 0 and items 2 and 3 from the circuit for 𝑡 > 0. Once
these items are determined, we obtain the response using Eq. (6.53). This technique equally applies
to RL circuits, as we shall see in the next part of the lecture.
Note that if the switch changes position at time 𝑡 = 𝑡0 instead of at t = 0, there is a time delay in
the response so that Eq. (6.53) becomes
𝑡−𝑡 0

Page

15

𝑣 𝑡 = 𝑣 ∞ + 𝑣 𝑡0 − 𝑣 ∞ 𝑒 − 𝜏
(6.54)
+
where 𝑣(𝑡0 ) is the initial value at 𝑡 = 𝑡0 . Keep in mind that Eq. (6.53) or (6.54) applies only to step
responses, that is, when the input excitation is constant.
Example 7.10
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Step Response of an RL circuit
Consider the RL circuit in Fig. 12(a), which may be replaced by the circuit in Fig. 12(b). Again, our goal
is to find the inductor current i as the circuit response. Rather than apply Kirchhoff’s laws, we will
use the simple technique in Eqs. (6.50) through (6.53). Let the response be the sum of the natural
current and the forced current,
𝑖 = 𝑖𝑛 + 𝑖𝑓
(6.55)
We know that the natural response is always a decaying exponential, that is,
𝑡
𝐿
𝑖𝑛 = 𝐴𝑒 −𝜏 ,
𝜏=
6.56
𝑅
Where A is a constant to be determinbed.

(a)

(b)

Figure 12 An RL circuit with a step input voltage

Figure 13 The total Response of the RL circuit with initial inductor current I0
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The forced response is the value of the current a long time after the switch in Fig. 12(a) is closed. We
know that the natural response essentially dies out after five time constants. At that time, the
inductor becomes a short circuit, and the voltage across it is zero. The entire source voltage VS
appears across R. Thus, the forced response is
𝑉𝑆
𝑖𝑓 =
6.57
𝑅
Substituting Eqs. (6.56) and (6.57) into Eq. (6.55) gives
𝑡
𝑉𝑆
𝑖 = 𝐴𝑒 −𝜏 +
6.58
𝑅
We now determine the constant A from the initial value of 𝑖. Let 𝐼0 be the initial current through the
inductor, which may come from a source other than VS. Since the current through the inductor
cannot change instantaneously,
𝑖 0+ = 𝑖 0− = 𝐼0
6.59
Thus at 𝑡 = 0, Eq. 6.58 becomes
𝑉𝑆
𝐼0 = 𝐴 +
𝑅
From this, we obtain A as
𝑉𝑆
𝐴 = 𝐼0 −
𝑅
Substituting for A in eq. 6.58, we get
𝑉𝑆
𝑉𝑆 −𝑡
𝑖 𝑡 = + 𝐼0 −
𝑒 𝜏
6.60
𝑅
𝑅
This is the complete response of the RL circuit. It is illustrated in Fig. 13.

NEUB CSE 121 Lecture 6: First Order Circuits
The response in Eq. (6.60) may be written as
𝑡

𝑖 𝑡 = 𝑖 ∞ + 𝑖 0 − 𝑖 ∞ 𝑒 −𝜏
6.61
where 𝑖(0) 𝑎𝑛𝑑 𝑖(∞) are the initial and ﬁnal values of i. Thus, to find the step response of an RL
circuit requires three things:
1. The initial inductor current i(0) at t = 0+ .
2. The ﬁnal inductor current 𝑖(∞ ).
3. The time constant τ.
We obtain item 1 from the given circuit for t< 0 and items 2 and 3 from the circuit for t> 0. Once
these items are determined, we obtain the response using Eq. (6.61). Keep in mind that this
technique applies only for step responses.
Again, if the switching takes place at time t = t0 instead of t = 0, Eq. (6.61) becomes
𝑡−𝑡 0
𝜏

𝑖 𝑡 = 𝑖 ∞ + 𝑖 𝑡0 − 𝑖 ∞ 𝑒 −

6.62

If 𝐼0 = 0, then

(6.63a)
Or
(6.63b)
This is the step response of the RLcircuit. The voltage across the inductor is obtained from Eq. (6.63)
using 𝑣 = 𝐿 𝑑𝑖/𝑑𝑡. We get
𝑑𝑖 𝑉𝑆 𝐿 −𝑡
𝐿
𝑣 𝑡 =𝐿 =
𝑒 𝜏,
𝜏=
,
𝑡>0
𝑑𝑡
𝜏𝑅
𝑅
Or
𝑡

𝑣 𝑡 = 𝑉𝑆 𝑒 −𝜏 𝑢 𝑡
Figure 14 shows the step responses in Eqs. (6.63) and (6.64).

(a)

6.64

(b)

Figure 14 Step responses of an RL circuit with no initial inductor current: (a) current response, (b) voltage response.

Page

19

Example 7.12

Prepared BY
Shahadat Hussain Parvez

NEUB CSE 121 Lecture 6: First Order Circuits

Page

20

Example 7.13

Prepared BY
Shahadat Hussain Parvez

NEUB CSE 121 Lecture 6: First Order Circuits

Page

21

5. Alexander Practice problems 7.12, 7.13
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