NEUB CSE 431 Lecture 3: Fourier Series and Transform
Fourier Series
Any periodic functions 𝑓(𝑥) on the interval of 2𝜋 can be decomposed into contribution from
sin(𝑛𝑥) 𝑎𝑛𝑑 cos(𝑛𝑥)

Signals and Vectors
There is a perfect analogy between signals and vectors; the analogy is so strong that the term
'analogy' understates the reality. Signals are not just like vectors. Signals are vectors! A vector can be
represented as a sum of its components in a variety of ways, depending upon the choice of
coordinate system. A signal can also be represented as a sum of its components in a variety of ways.
Let us begin with some basic vector concepts and then apply these concepts to signals.
Component of a Vector
A vector is specified by its magnitude and its direction. We shall denote all vectors by boldface. For
example, x is a certain vector with magnitude or length Ixl. For the two vectors f and x shown in Fig.
1, we define their dot (inner or scalar) product as
(1)
𝑓. 𝑥 = |𝑓||𝑥| cos 𝜃
where () is the angle between these vectors. Using this definition, we can express lx|, the length of a
vector x as
|𝑥|2 = 𝑥. 𝑥
(2)
Let the component of f along x be ex as depicted in Fig. 1. Geometrically the component of f along x
is the projection of f on x, and is obtained by drawing a perpendicular from the tip of f on the vector
x, as illustrated in Fig. 1. What is the mathematical significance of a component of a vector along
another vector? As seen from Fig. 3.1, the vector f can be expressed in terms of vector x as
(3)
𝑓 = 𝑐𝑥 + 𝑒

Figure 1 Component (projection) of a vector along another vector.

However, this is not the only way to express f in terms of x. Figure 2 shows two of the infinite other
possibilities. From Figs. 2a and 2b, we have
(4)
𝑓 = 𝑐1 𝑥 + 𝑒1 = 𝑐2 𝑥 + 𝑒2
In each of these three representations f is represented in terms of x plus another vector called the
error vector. If we approximate f by cx,
(5)
𝑓 ≅ 𝑐𝑥
the error in the approximation is the vector e = f - cx. Similarly, the errors in approximations in Figs.
2a and 2b are e1 and e2. What is unique about the approximation in Fig. 1 is that the error vector is
the smallest. We can now define mathematically the component of a vector f along vector x to be cx
where c is chosen to minimize the length of the error vector e = f - cx.
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Now, the length of the component of f along x is|𝑓| cos 𝜃. But it is also 𝑐|𝑥| as seen from Fig. 1.
Therefore
𝑐|𝑥| = |𝑓| cos 𝜃
|𝑥|
Multiplying both sides by
yields
𝑐 |𝑥|2 = |𝑓||𝑥| cos 𝜃 = 𝑓. 𝑥

1

Figure 2 Approximation of a vector in terms of another vector.
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Therefore
𝑓. 𝑥
1
(6)
= 2 𝑓. 𝑥
𝑥. 𝑥 |𝑥|
From Fig. 1, it is apparent that when f and x are perpendicular, or orthogonal, then f has a zero
component along x; consequently, c = 0. Keeping an eye on Eq. (6), we therefore define f and x to be
orthogonal if the inner (scalar or dot) product of the two vectors is zero, that is, if
(7)
𝒇. 𝒙 = 𝟎
𝑐=

Component of a Signal
The concept of a vector component and orthogonality can be extended to signals. Consider the
problem of approximating a real signal f(t) in terms of another real signal x(t) over an interval [𝑡1 , 𝑡2 ]:
(8)
𝑓(𝑡) ≅ 𝑐𝑥(𝑡)
𝑡1 ≤ 𝑡 ≤ 𝑡2
The error e(t) in this approximation is
𝑓(𝑡) − 𝑐𝑥(𝑡),
𝑡1 ≤ 𝑡 ≤ 𝑡2
(9)
𝑒(𝑡) = {
0,
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
We now select some criterion for the 'best approximation'. We know that the signal energy is one
possible measure of a signal size. For best approximation, we need to minimize the error signal-that
is, minimize its size, which is its energy Ee over the interval [𝑡1 , 𝑡2 ] given by
𝑡2

𝑡2

𝐸𝑒 = ∫ 𝑒 2 (𝑡) 𝑑𝑡 = ∫ [𝑓(𝑡) − 𝑐𝑥(𝑡)]2 𝑑𝑡
𝑡1

𝑡1

Note that the right-hand side is a definite integral with t as the dummy variable. Hence, 𝐸𝑒 is a
function of the parameter c (not t) and 𝐸𝑒 is minimum for some choice of c. To minimize 𝐸𝑒 , a
necessary condition is
𝑑𝐸𝑒
(10)
=0
𝑑𝑐
Or
𝑡2
𝑑
[∫ [𝑓(𝑡) − 𝑐𝑥(𝑡)]2 𝑑𝑡] = 0
𝑑𝑐 𝑡1
The term with 𝑓 2 (𝑡)
Expanding the squared term inside the integral, we obtain
vanishes because,
𝑡2
𝑡2
𝑡2
𝑑
𝑑
𝑑
[∫ 𝑓 2 (𝑡)𝑑𝑡] − [2𝑐 ∫ 𝑓(𝑡)𝑥(𝑡)𝑑𝑡] + [𝑐 2 ∫ 𝑥 2 (𝑡)𝑑𝑡] = 0
there is no c in the
𝑑𝑐 𝑡1
𝑑𝑐
𝑑𝑐
𝑡1
𝑡1
term and we are
From which we obtain
𝑡2
𝑡2
differentiating with
−2 ∫ 𝑓(𝑡)𝑥(𝑡)𝑑𝑡 + 2𝑐 ∫ 𝑥 2 (𝑡)𝑑𝑡 = 0
respect to c
𝑡1

𝑡1

And
1

𝑡

2
∫𝑡1 𝑥 2 (𝑡)𝑑𝑡

=

1 𝑡2
∫ 𝑓(𝑡)𝑥(𝑡)𝑑𝑡
𝐸𝑥 𝑡1

(11)

We observe a remarkable similarity between the behavior of vectors and signals, as indicated by Eqs.
(6) and (11). It is evident from these two parallel expressions that the area under the product of two
signals corresponds to the inner (scalar or dot) product of two vectors. In fact, the area under the
product of f(t) and x(t) is called the inner product of f(t) and x(t), and is denoted by (f, x). The energy
of a signal is the inner product of a signal with itself, and corresponds to the vector length square
(which is the inner product of the vector with itself).
To summarize our discussion, if a signal f(t) is approximated by another signal x(t) as
𝑓(𝑡) ≅ 𝑐𝑥(𝑡)
then the optimum value of c that minimizes the energy of the error signal in this approximation is
given by Eq. (11).
Taking our clue from vectors, we say that a signal f(t) contains a component 𝑐𝑥(𝑡), where c is given
by Eq. (11). Note that in vector terminology, 𝑐𝑥(𝑡) is the projection of f(t) on x(t). Continuing with
the analogy, we say that if the component of a signal f(t) of the form x(t) is zero (that is, c = 0), the
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𝑡

2
∫𝑡 𝑓(𝑡)𝑥(𝑡)𝑑𝑡
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signals f(t) and x(t) are orthogonal over the interval [𝑡1 , 𝑡2 ]. Therefore, we define the real signals f(t)
and x(t) to be orthogonal over the interval [𝑡1 , 𝑡2 ] if
𝑡2

∫ 𝑓(𝑡)𝑥(𝑡)𝑑𝑡 = 0

(12)

𝑡1

Orthogonality in Complex Signals
So far, we have restricted ourselves to real functions of t. To generalize the results to complex
functions of t, consider again the problem of approximating a function f(t) by a function x(t) over an
interval (𝑡1 ≤ 𝑡 ≤ 𝑡2 ):
(15)
𝑓(𝑡) ≅ 𝑐𝑥(𝑡)
where f(t) and x(t) now can be complex functions of t. Recall that the energy Ex of the complex signal
x(t) over an interval [𝑡1 , 𝑡2 ] is
𝑡2

𝐸𝑥 = ∫ |𝑥(𝑡)|2 𝑑𝑡
𝑡1

In this case, both the coefficient e and the error
(16)
𝑒(𝑡) = 𝑓(𝑡) − 𝑐𝑥(𝑡)
are complex (in general). For the 'best' approximation, we choose e so that Ee, the energy of the
error signal e(t) is minimum. Now,
𝑡2

𝐸𝑒 = ∫ |𝑓(𝑡) − 𝑐𝑥(𝑡)|2 𝑑𝑡

(17)

𝑡1
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|𝑢 + 𝑣|2 = (𝑢 + 𝑣)(𝑢∗ + 𝑣 ∗ ) = |𝑢|2 + |𝑣|2 + 𝑢∗ 𝑣 + 𝑢𝑣 ∗
(18)
Using this result, we can, after some manipulation, rearrange Eq. (17) as
2
2
𝑡2
𝑡2
𝑡2
1
1
2
∗ (𝑡)𝑑𝑡
∗ (𝑡)𝑑𝑡
|𝑓(𝑡)|
𝐸𝑒 = ∫
𝑑𝑡 − |
∫ 𝑓(𝑡)𝑥
| + |𝑐 √𝐸𝑥 −
∫ 𝑓(𝑡)𝑥
|
√𝐸𝑥 𝑎
√𝐸𝑥 𝑡1
𝑡1

3

Recall also that
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Since the first two terms on the right-hand side are independent of c, it is clear that Ee is minimized
by choosing c so that the third term on the right-hand side is zero. This yields
1 𝑡2
(19)
𝑐 = ∫ 𝑓(𝑡)𝑥 ∗ (𝑡)𝑑𝑡
𝐸𝑥 𝑡1
In light of the above result, we need to redefine orthogonality for the complex case as follows: Two
complex functions 𝑥1 (𝑡) and 𝑥2 (𝑡) are orthogonal over an interval (𝑡1 ≤ 𝑡 ≤ 𝑡2 ) if
𝑡2

𝑡2

∫ 𝑥1 (𝑡)𝑥2∗ (𝑡)𝑑𝑡 = 0 𝑜𝑟 ∫ 𝑥1∗ (𝑡)𝑥2 (𝑡)𝑑𝑡 = 0
𝑡1

(20)

𝑡1

Either equality suffices. This is a general definition of orthogonality, which reduces to Eq. (12) when
the functions are real.

Energy of the Sum of Orthogonal Signals
We know that the square of the length of a sum of two orthogonal vectors is equal to the sum of the
squares of the lengths of the two vectors. Thus, if vectors x and yare orthogonal, and if z = x + y, then
|𝑧|2 = |𝑥|2 + |𝑦|2
We have a similar result for signals. The energy of the sum of two orthogonal signals is equal to the
sum of the energies of the two signals. Thus, if signals x(t) and y(t) are orthogonal over an interval
[𝑡1 , 𝑡2 ], and if 𝑧(𝑡) = 𝑥(𝑡) + 𝑦(𝑡), then
(21)
𝐸𝑧 = 𝐸𝑥 + 𝐸𝑦
We now prove this result for complex signals of which real signals are a special case. From Eq. (18) it
follows that
𝑡2

𝑡2

𝑡2

𝑡2

𝑡2

∫ |𝑥(𝑡)𝑦(𝑡)|2 𝑑𝑡 = ∫ |𝑥(𝑡)|2 𝑑𝑡 + ∫ |𝑦(𝑡)|2 𝑑𝑡 + ∫ 𝑥(𝑡)𝑦 ∗ (𝑡)𝑑𝑡 + ∫ 𝑥 ∗ (𝑡)𝑦(𝑡)𝑑𝑡
𝑡1

𝑡1
𝑡2

𝑡1
𝑡2

= ∫ |𝑥(𝑡)|2 𝑑𝑡 + ∫ |𝑦(𝑡)|2 𝑑𝑡
𝑡1

𝑡1

𝑡1

(22)

𝑡1

The last result follows from the fact that because of orthogonality, the two integrals of the products
x(t)y*(t) and x*(t)y(t) are zero [see Eq. (20)]. This result can be extended to the sum of any number
of mutually orthogonal signals.
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Two vectors f and x are similar if f has a large component along x. In other words, if C in Eq. (6) is
large, the vectors f and x are similar. We could consider C as a quantitative measure of similarity
between f and x. Such a measure, however, would be defective. The degree of similarity between f
and x should be independent of the lengths of f and x. If we double the length of f, for example, the
degree of similarity between f and x should not change. From Eq. (6), however, we see that doubling
f doubles the value of c (whereas doubling x halves the value of c). Our measure is clearly faulty.
Similarity between two vectors is indicated by the angle θ between the vectors. The smaller the θ,
the greater the similarity, and vice versa. The degree of similarity can therefore be conveniently
measured by cos θ. The larger the cos θ, the greater is the similarity between the two vectors. Thus,
a suitable measure would be Cn = cos θ, which is given by
𝑓. 𝑥
(23)
𝑐𝑛 = cos 𝜃 =
|𝑓||𝑥|
We can readily verify that this measure is independent of the lengths of f and x. This similarity
measure Cn is known as the correlation coefficient. Observe that
(24)
−1 ≤ 𝑐𝑛 ≤ 1
Thus, the magnitude of Cn is never greater than unity. If the two vectors are aligned, the similarity is
maximum (𝑐𝑛 = 1). Two vectors aligned in opposite directions have the maximum dissimilarity
(𝑐𝑛 = −1). If the two vectors are orthogonal, the similarity is zero.
We use the same argument in defining a similarity index (the correlation coefficient) for signals. We
shall consider the signals over the entire time interval from−∞ 𝑡𝑜 ∞ . To make C in Eq. (11)
independent of energies (sizes) of 𝑓(𝑡) and 𝑥(𝑡), we must normalize C by normalizing the two

4

Signal Comparison: Correlation
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signals to have unit energies. Thus, the appropriate similarity index 𝐶𝑛 analogous to Eq. (23) is given
by
∞
1
(25)
𝑐𝑛 =
∫ 𝑓(𝑡)𝑥(𝑡)𝑑𝑡
√𝐸𝑓𝐸𝑥 −∞
Observe that multiplying either 𝑓(𝑡) or 𝑥(𝑡) by any constant has no effect on this index. It is
independent of the size (energies) of 𝑓(𝑡) and 𝑥(𝑡). Using the Schwarz inequality, we can show that
the magnitude of Cn is never greater than 1
(26)
−1 ≤ 𝑐𝑛 ≤ 1

Page

5

We can readily extend this discussion to complex signal comparison. We generalize the definition of
Cn to include complex signals as
∞
1
(27)
𝑐𝑛 =
∫ 𝑓(𝑡)𝑥 ∗ (𝑡)𝑑𝑡
√𝐸𝑓𝐸𝑥 −∞
Example
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Signal representation by Orthogonal Signal Set
Orthogonal Signal Space
We can approximate any signal over the interval [𝑡1 , 𝑡2 ] by a set of N mutually orthogonal signals
𝑥1 (𝑡), 𝑥2 (𝑡), ⋯ , 𝑥𝑁 (𝑡) as,
𝑁

𝑓(𝑡) ≅ ∑ 𝑐𝑛 𝑥𝑛 (𝑡)

(37)

𝑛=1

Error,
𝑁

𝑒(𝑡) = 𝑓(𝑡) − ∑ 𝑐𝑛 𝑥𝑛 (𝑡)

(38)

𝑛=1

The energy of the error signal is minimized if,
1 𝑡2
𝑐𝑛 =
∫ 𝑓(𝑡)𝑥𝑛 (𝑡)𝑑𝑡
𝐸𝑛 𝑡1
the energy of the error signal eft), is minimized if we choose
𝑡
∫𝑡 2 𝑓(𝑡)𝑥𝑛 (𝑡)𝑑𝑡
𝑐𝑛 = 1 𝑡2
∫𝑡 𝑥𝑛2 (𝑡)𝑑𝑡

(39𝑎)

1

1 𝑡2
=
∫ 𝑓(𝑡)𝑥𝑛 (𝑡)𝑑𝑡
𝑛 = 1,2, … , 𝑁
(39𝑏)
𝐸𝑛 𝑡1
For this choice of the coefficients Cn, it is shown in Appendix 3A that the error signal energy Ee is
given by
𝑡2

𝐸𝑒 = ∫ 𝑓

𝑁
2 (𝑡)𝑑𝑡

𝑡1

− ∑ 𝑐𝑛2 𝐸𝑛

(40)

𝑛=1

Observe that the error energy Ee generally decreases as N, the number of terms, is increased
because the term 𝑐𝑘2 𝐸𝑘 is nonnegative. Hence, it is possible that the error energy → 0 as N →∞.
When this happens, the orthogonal signal set is said to be complete. In this case, Eq. (37b) is no
more an approximation but an equality
𝑓(𝑡) = 𝑐1 𝑥1 (𝑡) + 𝑐2 𝑥2 (𝑡) + ⋯ + 𝑐𝑛 𝑥𝑛 (𝑡) + ⋯
∞

= ∑ 𝑐𝑛 𝑥𝑛 (𝑡)

𝑡1 ≤ 𝑡 ≤ 𝑡2

(41)

𝑛=1

where the coefficients Cn are given by Eq. (39). Because the error signal energy approaches zero, it
follows that the energy of f(t) is now equal to the sum of the energies of its orthogonal components
𝑐1 𝑥1 (𝑡), 𝑐2 𝑥2 (𝑡), ….
The equation 41 is called generalized Fourier series. The set {𝑥𝑛 (𝑡)}is called a set of basis functions.
The energy of the signal 𝑓(𝑡) is,
∞

𝐸𝑓 = ∑ 𝑐𝑛 2 𝐸𝑛
𝑛=1
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This equation is called Parseval’s Theorem.
Generalization to Complex Signals
[To be added later]
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Trigonometric Fourier series
Let us consider a signal set:
{1, 𝑐𝑜𝑠 𝜔0 𝑡, 𝑐𝑜𝑠 2 𝜔0 𝑡, ⋯ , 𝑐𝑜𝑠 𝑛 𝜔0 𝑡, ⋯ ;
𝑠𝑖𝑛 𝜔0 𝑡, 𝑠𝑖𝑛 2 𝜔0 𝑡, ⋯ , 𝑠𝑖𝑛 𝑛 𝜔0 𝑡, ⋯ ⋯ }
(46)
A sinusoidal with frequency 𝑛𝜔0 is called the nth harmonic of sinusoidal frequency 𝜔0 , where n is an
integer. 𝜔0 is called the fundamental component.

Using mathematical proof, it can be shown that
0
𝑚≠𝑛
∫ 𝑐𝑜𝑠 𝑚 𝜔0 𝑡 𝑐𝑜𝑠 𝑛 𝜔0 𝑡 𝑑𝑡 = {
𝑇
/2
𝑚
=𝑛≠0
0
𝑇0
0
𝑚≠𝑛
∫ 𝑠𝑖𝑛 𝑚 𝜔0 𝑡 𝑠𝑖𝑛 𝑛 𝜔0 𝑡 𝑑𝑡 = {
𝑇0 /2 𝑚 = 𝑛 ≠ 0
𝑇

(47)

0

∫ 𝑠𝑖𝑛 𝑚 𝜔0 𝑡 𝑐𝑜𝑠 𝑛 𝜔0 𝑡 𝑑𝑡 = 0

for all 𝑚 and 𝑛

𝑇0

The notation ∫𝑇

0

means the integral over an interval from 𝑡 = 𝑡1 𝑡𝑜 𝑡1 + 𝑇0 for any value of t1.

Thus, the above set is orthogonal over an interval of duration, 𝜔0 =

2𝜋
.
𝑇0

So, we can express f (t ) by trigonometric Fourier series as,

𝑓(𝑡) = 𝑎0 + 𝑎1 𝑐𝑜𝑠 𝜔0 𝑡 + 𝑎2 𝑐𝑜𝑠 2 𝜔0 𝑡 + ⋯
+𝑏1 𝑠𝑖𝑛 𝜔0 𝑡 + 𝑏2 𝑠𝑖𝑛 2 𝜔0 𝑡 + ⋯ 𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇0

(48𝑎)

∞

or, 𝑓(𝑡) = 𝑎0 + ∑(𝑎𝑛 𝑐𝑜𝑠 𝑛 𝜔0 𝑡 + 𝑏𝑛 𝑠𝑖𝑛 𝑛 𝜔0 𝑡)
𝑛=1

(48𝑏)
2𝜋

(49)
(51𝑎)
𝑛 = 1,2,3, … (51𝑏)
𝑛 = 1,2,3, … (51𝑐)
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where, 𝑎0 , 𝑎𝑛 , 𝑏𝑛 are Fourier coefficients and fundamental frequency 𝜔0 = 𝑇
0
1
𝑎0 = ∫ 𝑓(𝑡) 𝑑𝑡
𝑇0 𝑇0
∫𝑇 𝑓(𝑡) 𝑐𝑜𝑠 𝑛 𝜔0 𝑡𝑑𝑡
2
𝑎𝑛 = 0
=
∫ 𝑓(𝑡) 𝑐𝑜𝑠 𝑛 𝜔0 𝑡𝑑𝑡
𝑇0 𝑇0
∫𝑇 𝑐𝑜𝑠 2 𝑛 𝜔0 𝑡𝑑𝑡
0
2
𝑏𝑛 = ∫ 𝑓(𝑡) 𝑠𝑖𝑛 𝑛 𝜔0 𝑡𝑑𝑡
𝑇0 𝑇0
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Compact Trigonometric Fourier Series
The trigonometric Fourier series in Eq. (48) contains sine and cosine terms of the same frequency.
We can combine the two terms to obtain a single sinusoid of the same frequency using the
trigonometric identity
(52)
𝑎𝑛 cos 𝑛𝜔0 𝑡 + 𝑏𝑛 sin 𝑛𝜔0 𝑡 = 𝐶𝑛 cos(𝑛𝜔0 𝑡 + 𝜃𝑛 )
Where
𝐶𝑛 = √𝑎𝑛2 + 𝑏𝑛2

(53𝑎)

−𝑏𝑛
𝜃𝑛 = tan−1 (
)
(53𝑏)
𝑎𝑛
For consistency, we denote the dc term ao by Co, that is
(53𝑐)
𝐶0 = 𝑎0
Using the identity (52), the trigonometric Fourier series in Eq. (48) can be expressed in the compact
form of the trigonometric Fourier series as
∞

𝑓(𝑡) = 𝐶0 + ∑ 𝐶𝑛 cos(𝑛𝜔0 𝑡 + 𝜃𝑛 )

𝑡1 ≤ 𝑡 ≤ 𝑡1 + 𝑇0

(54)

𝑛=1

where the coefficients Cn and θn are computed from an and bn using Eqs. (53).
Equation 51a shows that ao (or Co) is the average value of f(t) (averaged over one period). This value
can often be determined by inspection of f(t).

Exponential form of Fourier Series
We know from Euler’s formula
𝑒 𝑖𝜃 = cos 𝜃 + 𝑖 sin 𝜃
So
𝑒 𝑖𝜃 − 𝑒 −𝑖𝜃
2
𝑖(𝑛𝜔0 𝑡+𝜃𝑛 )
𝑒
+ 𝑒 −𝑖(𝑛𝜔0 𝑡+𝜃𝑛 )
𝐶𝑛 cos(𝑛𝜔0 𝑡 + 𝜃𝑛 ) = 𝐶𝑛
2
𝐶𝑛 𝑖(𝑛𝜔 𝑡+𝜃 )
−𝑖(𝑛𝜔
𝑡+𝜃
0
𝑛 +𝑒
0
𝑛)
=
𝑒
2
𝐶𝑛
𝐶𝑛
= ( 𝑒 𝑖𝜃𝑛 ) 𝑒 𝑖𝑛𝜔0 𝑡 + ( 𝑒 −𝑖𝜃𝑛 ) 𝑒 −𝑖𝑛𝜔0 𝑡
2
2
= 𝐷𝑛 𝑒 𝑖𝑛𝜔0 𝑡 + 𝐷−𝑛 𝑒 −𝑖𝑛𝜔0 𝑡
(72)
The compact trigonometric Fourier series of a periodic signal f(t) is given by
cos 𝜃 =

𝑒 𝑖𝜃 + 𝑒 −𝑖𝜃
2

sin 𝜃 =

∞

𝑓(𝑡) = 𝐶0 + ∑ 𝐶𝑛 cos(𝑛𝜔0 𝑡 + 𝜃𝑛 )
𝑛=1

Using the formula of equation 72 we get

∞

𝑓(𝑡) = 𝐷0 + ∑ 𝐷𝑛 𝑒 𝑖𝑛𝜔0 𝑡 + 𝐷−𝑛 𝑒 −𝑖𝑛𝜔0 𝑡
𝑛=1
∞

= ∑ 𝐷𝑛 𝑒 𝑖𝑛𝜔0 𝑡
𝑛=−∞

Where
𝐶𝑛 𝑖𝜃
𝑒 𝑛
2
𝐶𝑛 −𝑖𝜃
𝐷−𝑛 =
𝑒 𝑛
2
𝐶0 = 𝐷0
1
𝐷𝑛 = (𝑎𝑛 − 𝑗𝑏𝑛 )
2
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It can be also shown that
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𝐷𝑛 =
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From Lathi
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The Gibb’s Phenomenon
If there is a jump discontinuity in x(t ) , the truncated F.S. exhibits an oscillatory behavior around
that point. There is an overshoot of 9% in the vicinity of discontinuity at the first peak of oscillation,
regardless of the value of N. This behavior is called Gibbs phenomena.

Convergence of Fourier Series
A periodic signal x(t ) has a F.S. representation if is satisfies the following conditions:
T0

x(t ) dt  

2. x(t ) has a finite number of maxima and minima.
3. x(t ) must have finite number of discontinuities within any finite interval of t. At the point
of discontinuity, the sum of the series is the average of the left and right-hand limits of
x(t ) at t0 .
4. Determine the Fourier series representation for x(t ) = 2sin(2 t − 3) + sin(6 t ) .
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Fourier Transform
Aperiodic Signal Representation by Fourier Integral
An aperiodic signal can be thought of as periodic with infinite period.

Figure 3 Construction of a periodic signal by periodic extension of 𝒇(𝒕).

The figure 3a above shows an aperiodic signal 𝑓(𝑡).
Let us construct a new periodic signal 𝑓𝑇0 (𝑡) by repeating the signal of 𝑓(𝑡).
𝑇0 is long enough to avoid overlap.
Periodic signal 𝑓𝑇0 (𝑡) can be replaced by exponential Fourier Series.
If 𝑇0 → 0,
lim 𝑓𝑇0 (𝑡) = 𝑓(𝑡)
𝑇0 →∞

The exponential Fourier Series for 𝑓𝑇0 (𝑡) is given by
∞

𝑓𝑇0 (𝑡) = ∑ 𝐷𝑛 𝑒 𝑖𝑛𝜔0 𝑡
𝑛=−∞

Where
𝐷𝑛 =

1 𝑇0 /2
∫
𝑓 (𝑡)𝑒 −𝑖𝑛𝜔0 𝑑𝑡
𝑇0 −𝑇0 /2 𝑇0
2𝜋
𝜔0 =
𝑇0

As 𝑇0 → ∞

1 ∞
∫ 𝑓(𝑡)𝑒 −𝑖𝑛𝜔0 𝑑𝑡
𝑇0 −∞
It is interesting to see how the nature of the spectrum changes as To increases. To understand this
fascinating behavior, let us define 𝐹(𝜔), a continuous function of ω, as
𝐷𝑛 =

∞

𝐹(𝜔) = ∫ 𝑓(𝑡)𝑒 −𝑖𝜔0 𝑑𝑡

(4.3)

−∞

So
𝐷𝑛 =

1
𝐹(𝑛𝜔0 )
𝑇0

(4.4)

∞

𝐹(𝑛𝜔0 ) = ∫ 𝑓(𝑡)𝑒 −𝑖𝑛𝜔0 𝑑𝑡

Page
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−∞

This means that the Fourier coefficients Dn are (1/𝑇0 ) times the samples of 𝐹(𝜔) uniformly spaced
at intervals of wo, as depicted in Fig. 4a. Therefore, (1/𝑇0 )𝐹(𝜔) is the envelope for the coefficients
Dn.
When 𝑇0 doubles 𝜔0 halves.
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Figure 4 Change in the Fourier spectrum when the period To in Fig. 3 is doubled.

If 𝑇0 → ∞ 𝜔0 → 0 and the outcome will be continuous change.
1
𝐷𝑛 = 𝐹(𝑛𝜔0 )
𝑇0
∞
𝐹(𝑛𝜔0 ) 𝑖𝑛𝜔 𝑡
𝑓𝑇0 (𝑡) = ∑
𝑒 0
𝑇0

(4.5)

𝑛=−∞

As 𝑇0 → ∞, 𝜔0 becomes infinitesimal (𝜔0 → 0). Hence, we shall replace 𝜔0 by a more appropriate
notation, 𝛥𝜔. In terms of this new notation,
2𝜋
Δ𝜔 =
𝑇0
So
∞

𝒇𝑻𝟎 (𝒕) = ∑
𝒏=−∞

𝑭(𝒏𝚫𝝎)𝚫𝝎 𝒊𝒏𝚫𝝎𝒕
𝒆
𝟐𝝅

(𝟒. 𝟔𝒂)

Equation above shows that 𝑓𝑇0 (𝑡) can be expressed as a sum of everlasting exponentials of
frequencies 0, ±Δ𝜔, ±2Δ𝜔, ±3Δ𝜔, … (the Fourier series). The amount of the component of
frequency 𝑛Δ𝜔 is [𝐹(𝑛Δ𝜔)Δ𝜔]/2𝜋. In the limit as 𝑇0 → ∞, Δ𝜔 → 0 and 𝑓𝑇0 (𝑡) → 𝑓(𝑡). Therefore
∞

1
𝑓(𝑡) = lim 𝑓𝑇0 (𝑡) = lim
∑ 𝐹(𝑛Δ𝜔)𝑒 (𝑖𝑛Δ𝜔)𝑡 Δ𝜔
𝑇0 →∞
Δ𝜔→0 2𝜋

(4.6𝑏)

𝑛=−∞

The sum on the right-hand side of Eq. above can be viewed as the area under the function𝐹(𝜔)𝑒 𝑖𝜔𝑡 ,
as illustrated in Fig. 4.3. Therefore

𝒇(𝒕) =

𝟏 ∞
∫ 𝑭(𝝎)𝒆𝒊𝝎𝒕 𝒅𝝎
𝟐𝝅 −∞

(𝟒. 𝟕)

Prepared BY
Shahadat Hussain Parvez

Page

The integral on the right-hand side is called the Fourier integral. We have now succeeded in
representing an aperiodic signal I (t) by a Fourier integral (rather than a Fourier series). This integral
is basically a Fourier series (in the limit) with fundamental frequency Δ𝜔 → 0. The amount of the
exponential 𝑒 𝑖𝑛Δ𝜔𝑡 is 𝐹(𝑛Δ𝜔)Δ𝜔/2𝜋. Thus, the function 𝐹(𝜔) given by Eq. (4.3) acts as a spectral
function.
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Figure 5 The Fourier series becomes the Fourier integral in the limit as 𝑻𝟎 → ∞.
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We call 𝐹(𝜔) the direct Fourier transform of 𝑓(𝑡), and 𝑓(𝑡) the inverse Fourier transform of 𝐹(𝜔).
The same information is conveyed by the statement that 𝑓(𝑡) and 𝐹(𝜔) are a Fourier transform pair.
Symbolically, this statement is expressed as
𝐹(𝜔) = ℱ[𝑓(𝑡)]
𝑎𝑛𝑑 𝑓(𝑡) = ℱ −1 [𝐹(𝜔)]
Or
In this lecture i is used
𝑓(𝑡) ⟺ 𝐹(𝜔)
to represent complex
To review
∞

𝐹(𝜔) = ∫ 𝑓(𝑡)𝑒 −𝑖𝜔0 𝑑𝑡
−∞

And
𝑓(𝑡) =

1 ∞
∫ 𝐹(𝜔)𝑒 𝑖𝜔𝑡 𝑑𝜔
2𝜋 −∞

number. In books j is
often used to indicate
imaginary component
of complex numbers

Properties of Fourier Transform
1. Linearity
If
𝑓1 (𝑡) ⟺ 𝐹1 (𝜔)

and

𝑓2 (𝑡) ⟺ 𝐹2 (𝜔)

Then
𝑎1 𝑓1 (𝑡) + 𝑎2 𝑓2 (𝑡) ⟺ 𝑎1 𝐹1 (𝜔) + 𝑎2 𝐹2 (𝜔)
2. Time Scaling
If

Prepared BY
Shahadat Hussain Parvez

1
𝜔
𝐹( )
|𝑎|
𝑎
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𝑓(𝑎𝑡) ⟺
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𝑓(𝑡) ⟺ 𝐹(𝜔)
For any real constant 𝑎
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3. Symmetry
If
𝑓(𝑡) ⟺ 𝐹(𝜔)
Then
𝐹(𝑡) ⟺ 2𝜋𝑓(−𝜔)

4. Time Shifting
If
𝑓(𝑡) ⟺ 𝐹(𝜔)
Then
𝑓(𝑡 − 𝑡0 ) ⟺ 𝑒 𝑖𝜔𝑡0 𝐹(𝜔)
5. Frequency shifting
If
𝑓(𝑡) ⟺ 𝐹(𝜔)
Then
𝐹(𝜔 − 𝜔0 ) ⟺ 𝑒 𝑖𝜔𝑡0 𝑓(𝑡)
6. Area under 𝑭(𝝎)

∞

𝑓(0) = ∫ 𝐹(𝜔)𝑑𝜔
−∞

7. Area under 𝒇(𝒕)

∞

∫ 𝑓(𝑡)𝑑𝑡 = 𝐹(0)
−∞

𝑑𝑓
⟺ 𝑖𝜔𝐹(𝜔)
𝑑𝑡
Prepared BY
Shahadat Hussain Parvez

Page

𝑓(𝑡) ⟺ 𝐹(𝜔)
Then
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8. Time differentiation
If
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9. Time Integration
If
𝑓(𝑡) ⟺ 𝐹(𝜔)
Then
𝑡

∫ 𝑓(𝜏)𝑑𝜏 ⟺
−∞

𝐹(𝜔)
+ 𝜋𝐹(0)𝛿)𝜔)
𝑖𝜔

10. For complex valued time function
If
𝑓(𝑡) ⟺ 𝐹(𝜔)
Then
𝑓 ∗ (𝑡) ⟺ 𝐹 ∗ (𝜔)
11. Multiplication in time domain
𝑓1 (𝑡)𝑓2 (𝑡) ⇔
12. Convolution in time domain

1
𝐹 (𝜔) ∗ 𝐹2 (𝜔)
2𝜋 1

𝑓1 (𝑡) ∗ 𝑓2 (𝑡) ⇔ 𝐹1 (𝜔)𝐹2 (𝜔)
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Summary of Fourier Transform Properties
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Examples
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More examples
1. Example 4.8
2. Example 4.9
3. Example 4.10
4. Example 4.11
5. Example 4.12
6. Example 4.13
7. Example 4.14
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A short table of Fourier transform
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Signal Transmission through LTI system
We know, 𝑦(𝑡) = 𝑥(𝑡) ∗ ℎ(𝑡). Using convolution property, 𝑌(𝜔) = 𝑋(𝜔)𝐻(𝜔).
1 ∞
Therefore, 𝑦(𝑡) = 2𝜋 ∫−∞ 𝑋(𝜔)𝐻(𝜔) ⋅ 𝑒 𝑗𝜔𝑡 𝑑𝜔.
Remember that, 𝐻(𝜔) is called the frequency response of a system. In order to find the response of
a system using F.T. we have to get 𝑌(𝜔) first. Then we will get 𝑦(𝑡) using inverse Fourier transform
of 𝑌(𝜔).
Example
Find the response of a system shown below when an input of the system is Ae−t u(t ) .

dy (t )
dy (t )
 RC
+ y (t ) = x(t )
dt
dt
Performing F.T. on both side,  RC  jY () + Y () = X ()
A
1
 Y ( ) =
X ( ) . But, X ( ) =
 + j
1 + j RC



A
A
1
1 
Y ( ) =
=
−


A 
(1 + j RC )( + j )  RC − 1 1/ RC + j

 + j 
i (t ) R + y (t ) = x(t ); i(t ) = C

Performing inverse Fourier transform, y (t ) =

A
e−t / RC − e− t  u (t )
 RC − 1 

[ans]

If  = 1/ RC , then the characteristic mode of input and output are the same and resonance will
occur. If we put the condition in y(t ) , it will become indeterminate. We can find y(t ) using
L’Hospital rule.
Hence,

A
A − t
e−t / RC − e− t  u (t ) =
te u (t ) .
 →1/ RC  RC − 1
RC

y (t ) = lim

Signal Distortion during transmission
For distortionless transmission through an LTI system we require that the exact input signal shape be
reproduced at the output although its amplitude may be different and it may be delayed in time.
Therefore,
y(t ) = K  x(t − td )
 Y () = Ke− jtd X () .
Thus for distortionless transmission the system must have, H ( ) = Ke− jtd .

 H ( ) = K and H ( ) = − jtd .
i.e., the amplitude of H ( ) must be constant over the entire frequency range and the phase of
H ( ) must be linear with frequency.
A system may have flat amplitude response, but it will be distorted if system td is not constant.

Application of Fourier Transform

Proofs of different properties of Fourier Transform (Self study)
1. Time Scaling
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Modulation Demodulation
a. Amplitude modulation (Lathi 4.7)
b. Angle modulation (Lathi (4.8)
i. Frequency modulation
ii. Phase modulation
2. Filtering
3. Sampling
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2. Symmetry
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4. Frequency shifting
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3. Time Shifting
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5. Convolution in time domain
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The following Books are main textbooks that will be followed throughout the course
1. Signal Processing and Linear Systems - B. P. Lathi
2. Digital Signal Processing: Principles, Algorithms, and Applications - John G. Proakis
3. Digital Signal Processing: A Practical Approach - Emmanuel C. Ifeachor
4. Schaum’s Outlines of Digital Signal Processing - Monson H. Hayes
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