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Problem with Fourier Transform 
The Fourier transform is a tool which allows us to represent a signal f(t) as a continuous sum of 
exponentials of the form ejωt, whose frequencies are restricted to the imaginary axis in the complex 
plane (s = jω). As we saw earlier, such a representation is quite valuable in the analysis and 
processing of signals. In the area of system analysis, however, the use of Fourier transform leaves 
much to be desired. First, the Fourier transform exists only for a restricted class of signals and, 
therefore, cannot be used for such inputs as growing exponentials. Second, the Fourier transform 
cannot be used easily to analyze unstable or even marginally 
stable systems. 

What is Laplace Transform? 
The Laplace transform converts integral and differential equations into algebraic equations 
this is like phasors, but 

• applies to general signals, not just sinusoids 

• handles non-steady-state conditions 
allows us to analyze 

• LCCODEs 

• complicated circuits with sources, Ls, Rs, and Cs 

• complicated systems with integrators, differentiators, gains 
Definition of Laplace Transform 
For a signal 𝑥(𝑡), its Laplace transform 𝑋(𝑠)is defined by 

𝑋(𝑠) = ∫ 𝑥(𝑡)𝑒−𝑠𝑡
∞

−∞

𝑑𝑡                   (4.1) 

The signal x(t) is said to be the inverse Laplace transform of X(s). It can be shown that 

𝑥(𝑡) =
1

2𝜋𝑗
∫ 𝑋(𝑠)𝑒𝑠𝑡

𝑐+∞

𝑐−𝑗∞

𝑑𝑠                 (4.2) 

where c is a constant chosen to ensure the convergence of the integral in Eq. (4.1), as explained 
later. 
This pair of equations is known as the bilateral Laplace transform pair or Two-sided Laplace 
Transform pair, where X(s) is the direct Laplace transform of x(t) and x(t) is the inverse Laplace 
transform of X(s). Symbolically, 

𝑋(𝑠) = ℒ[𝑥(𝑡)]         𝑎𝑛𝑑 𝑥(𝑡) = ℒ[𝑋(𝑠)]          (4.3) 
It needs to be noted that 

ℒ−1{ℒ[𝑥(𝑡)]} = 𝑥(𝑡)           𝑎𝑛𝑑 ℒ{ℒ−1[𝑋(𝑠)]} = 𝑋(𝑠) 
It is also common practice to use a bidirectional arrow to indicate a Laplace transform pair, as 
follows: 

𝑥(𝑡) ⇔ 𝑋(𝑠) 
The Laplace transform, defined in this way, can handle signals existing over the entire time interval 
from −∞ to ∞ (causal and noncausal signals). For this reason it is called the bilateral (or two-sided) 
Laplace transform. Later we shall consider a special case-the unilateral or one-sided Laplace 
transform-which can handle only causal signals. 
Linearity of The Laplace Transform 
We now prove that the Laplace transform is a linear operator by showing that the principle of 
superposition holds, implying that if 

𝑥1(𝑡) ⇔ 𝑋1(𝑠)     and      𝑥2(𝑡) ⇔ 𝑋2(𝑠) 
Then 

𝑎1𝑥1(𝑡) + 𝑎2𝑥2(𝑡) ⇔ 𝑎1𝑋1(𝑠) + 𝑎2𝑋2(𝑠) 
The proof is simple. By definition 

ℒ[𝑎1𝑥1(𝑡) + 𝑎2𝑥2(𝑡)] = ∫ [𝑎1𝑥1(𝑡) + 𝑎2𝑥2(𝑡)]𝑒−𝑠𝑡
∞

−∞

𝑑𝑡

= 𝑎1 ∫ 𝑥1(𝑡)𝑒−𝑠𝑡
∞

−∞

𝑑𝑡 + 𝑎2 ∫ 𝑥2(𝑡)𝑒−𝑠𝑡
∞

−∞

𝑑𝑡 = 𝑎1𝑋1(𝑠) + 𝑎2𝑋2(𝑠)     (4.4) 

It is very important to note 
that functions in time 
domain can be 
represented by f(t) also. 
And in s domain as F(s). 
Different examples are 
from different books so a 
mix match of notation is 
used here. 

This result can be extended to infinite sum. 
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The Region of Convergence (ROC) 
The region of convergence (ROC), also called the region of existence, for the Laplace transform X(s), 
is the set of values of s (the region in the complex plane) for which the integral in Eq. (4.1) 
converges. This concept will become clear in the following example. 
Relationship between Fourier Transform and Laplace Transform 
Before going onto any example, it will be interesting to note the similarity between Laplace 
transform and Fourier transform. 
If we generalize Fourier transform in the continuous time case is referred to as the Laplace 
transform, and in the discrete time case, is referred to as the z transform. 
Because we are unifying the Fourier and Laplace transforms, we need to use here the unified 
notation F(jω) instead of F(ω) for the Fourier transform, which is given by 

𝐹(𝑗𝜔) = ∫ 𝑓(𝑡)𝑒−𝑗𝜔𝑡
∞

−∞

𝑑𝑡                   (6.1) 

And  

𝑓(𝑡) =
1

2𝜋
∫ 𝐹(𝑗𝜔)𝑒𝑗𝜔𝑡

∞

−∞

𝑑𝜔        (6.2) 

Consider now the Fourier transform of 𝑓(𝑡) = 𝑒−𝜎𝑡(𝜎 𝑟𝑒𝑎𝑙) 

ℱ[𝑓(𝑡)𝑒−𝜎𝑡] = ∫ 𝑓(𝑡)𝑒−𝜎𝑡𝑒−𝑗𝜔𝑡
∞

−∞

𝑑𝑡           (6.3) 

= ∫ 𝑓(𝑡)𝑒−(𝜎+𝑗𝜔)𝑡
∞

−∞

𝑑𝑡                                       (6.4) 

It follows from Eq. (6.1) that the above integral is 𝐹(𝜎 + 𝑗𝜔). Thus 
ℱ[𝑓(𝑡)𝑒−𝜎𝑡] = 𝐹(𝜎 + 𝑗𝜔)              (6.5) 

The quantity (𝜎 + 𝑗𝜔) is the complex frequency s. As a result when 𝜎 = 0, the Laplace transform 
becomes a Fourier transform.  
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More Examples from Openheim 
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In each of the four preceding examples, the Laplace transform is rational, i.e., it is a ration of 
polynomials in the complex variables, so that 

𝑋(𝑠) =
𝑁(𝑠)

𝐷(𝑠)
, 

Where 𝑁(𝑠) and 𝐷(𝑠) are the numerator polynomial and denominator polynomial respectively. As 
suggested in the previous 2 examples, X(s) will be rational whenever x(t) is a linear combination of 
real or complex exponentials. Rational transforms can also arise when we consider LTI systems 
specified in terms of linear constant-coefficient differential equations. Except for a scale factor, the 
numerator and denominator polynomial in a rational Laplace transform can be specified by theirs 
roots; Thus marking the location of the roots of 𝑁(𝑠) and 𝐷(𝑠) in the s-plane and indicating the ROC 
provides a convenient pictorial way of describing the Laplace Transform.  
When plotting the roots, it is common to indicate the roots of numerator with a “o” and roots of 
denominator as “x”. The region of convergence is normally shaded (Shown in the figures of next 
page). 
For rational Laplace transforms, the roots of the numerator polynomial are commonly referred as 
the zeros of 𝑋(𝑠), since for those values of s, 𝑋(𝑠) = 0. The roots of the denominator polynomial 
are referred to as the poles of 𝑋(𝑠), and for those values of s, 𝑋(𝑠) = ∞.  The poles and zeros of 
𝑋(𝑠) completely characterize the algebraic expression for 𝑋(𝑠) within a scale factor.  
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The representation of 𝑋(𝑠) through its poles and zeros in the s-plane is referred to as the Pole-zero 
plot of 𝑋(𝑠) 
Role of the Region of Convergence 
The region of convergence is required for evaluating the inverse Laplace transform x(t) from X(s) as 
defined by Eq. (4.2). The operation of finding the inverse transform requires an integration in the 
complex plane, which needs some explanation. The path of integration is along𝑐 + 𝑗𝜔, with ω 
varying from −∞ to ∞. Moreover, the path of integration must lie in the region of convergence (or 
existence) for X(s). For the signal 𝑒−𝑎𝑡𝑢(𝑡), this is possible if c > -a. One possible path of integration 
is shown (dotted) in Fig. 6.2a.  Thus, to obtain x(t) from X(s), the integration in (4.2) is performed 
along this path. When we integrate [1/(s + a)]est along this path, the result is 𝑒−𝑎𝑡𝑢(𝑡). Such 
integration in the complex plane requires a background in the theory of functions of complex 
variables. We can avoid this integration by compiling a table of Laplace transforms (Table 1), where 
the Laplace transform pairs are tabulated for a variety of signals. To find the inverse Laplace 
transform of say, 1/(s + a), instead of using the complex integral, we look up the table and find the 
inverse Laplace transform to be 𝑒−𝑎𝑡𝑢(𝑡).  
Properties of Region of Convergence (ROC) 
ROC shows the values for which the integral converges, i.e. the Fourier transform or Laplace 
Transform is absolute integrable (After integration , the value is not infinite). 

• The ROC contains no poles 

• The ROC of X(s) consists of a strip parallel to the jω-axis in the s-plane 
Convergence ony depends on the value of sigma, so the ROC of X(s) consists of a stripparallel 
to the jw-axis in the s-plane 

• If  ℱ{𝑥(𝑡)} converges <=> ROC includes the jω-axis (σ =0) in the s-plane 
We have a few options for region of convergence. Let us consider  

𝑋(𝑠) =
1

(𝑠 + 1)(𝑠 + 2)
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The poles are at s=-1 and s=-2 
The region of convergence must be continuous. This statement means that the region of 
convergence cannot be broken into parts. That means we have three options for the region 
of convergence for the Laplace transform shown above. 

             
• x(t) finite duration 

=> ROC is entire s-plane 

 
• If 𝑥(𝑡) is right-sided and ℛ𝑒{𝑠} = 𝜎0 is in ROC 

all values for which ℛ𝑒{𝑠} > 𝜎0 are in ROC 

 
x(t) right-sided and X(s) rational 
=> ROC is to the right of the rightmost pole. 

• If 𝑥(𝑡) is left-sided and ℛ𝑒{𝑠} = 𝜎0 is in ROC 
all values for which ℛ𝑒{𝑠} < 𝜎0 are in ROC 
x(t) left-sided and X(s) rational 
=> ROC is to the left of the leftmost pole. 

• If 𝑥(𝑡) is two-sided and ℛ𝑒{𝑠} = 𝜎0 is in ROC 
=> ROC is a strip in the s-plane 

 

The Unilateral Laplace Transform 
The Laplace transform of a function 𝑓(𝑡), defined for all real numbers t ≥ 0, is the function 𝐹(𝑠), 
which is a unilateral transform defined by 

𝐹(𝑠) = ℒ[𝑓(𝑡)] = ∫ 𝑒−𝑠𝑡𝑓(𝑡)
∞

0

𝑑𝑡 

Here, 

• F is a complex-valued function of complex numbers 

• s is called the (complex) frequency variable, with units sec¡1 

• t is called the time variable (in sec); st is unitless 

• for now, we assume f contains no impulses at t = 0 
When one says "the Laplace transform" without qualification, the unilateral or one-sided transform 
is normally intended.  
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Examples (To practice) 
Example 1 

 
Example 2 

 
Example 3 
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Example 4 

 
Example 5 

 
Example 6 
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Example 6.2 (Lathi) 

 

 
Example 7 
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The table below shows a short summary of the common Laplace transforms 
Table 1 A Short Table of (Unilateral) Laplace Transforms 
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Finding Inverse Laplace Transform 
Finding the inverse Laplace transform by using the Eq. (4.2) requires integration in the complex 
plane, a subject beyond the scope of this course. For our purpose, we can find the inverse 
transforms from the transform table (Table 1). All we need is to express X(s) as a sum of simpler 
functions of the forms listed in the table. Most of the transforms X(s) of practical interest are 
rational functions, that is, ratios of polynomials in s. Such functions can be expressed as a sum of 
simpler functions by using partial fraction expansion. 
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A few more examples 
Eg1 

 
Eg2 

 
Eg3 

 
Eg4 
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Properties of Laplace Transform 
The table below summarizes the properties of Laplace Transform 

Table 2 The Laplace Transform Properties 
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Proofs of Properties of Laplace Transform 
Addition 
We know that 

ℒ{𝑓(𝑡)} =  ∫ 𝑓(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 

∴ ℒ{𝑓1(𝑡)} =  ∫ 𝑓1(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡     and     ℒ{𝑓2(𝑡)} =  ∫ 𝑓2(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 

If 𝑓3(𝑡) = 𝑓1(𝑡) + 𝑓2(𝑡) 

ℒ{𝑓3(𝑡)} = ℒ{𝑓1(𝑡) + 𝑓2(𝑡)} =  ∫ [𝑓1(𝑡) + 𝑓2(𝑡)]𝑒−𝑠𝑡
∞

0

𝑑𝑡 

= ∫ 𝑓1(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 + ∫ 𝑓2(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 = 𝐹1(𝑠) + 𝐹2(𝑠) 

Scaling 
ℒ[ 𝑓2(𝑡)] = ℒ[𝑘𝑓1(𝑡)] 

∫ 𝑘𝑓1(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 = 𝑘 ∫ 𝑓1(𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 = 𝑘𝐹(𝑠) 

Time Differentiation 

 
Time Integration 
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Time Shifting 

 
Frequency Shifting 

 
Scaling 

ℒ{𝑓(𝑎𝑡)} = ∫ 𝑓(𝑎𝑡)𝑒−𝑠𝑡
∞

0

𝑑𝑡 

Let 

𝑥 = 𝑎𝑡           ∴ 𝑡 =
𝑥

𝑎
 

ℒ{𝑓(𝑎𝑡)} = ∫ 𝑓(𝑥)𝑒−𝑠
𝑥

𝑎

∞

0

𝑑𝑡 

= ∫ 𝑓(𝑥)𝑒−
𝑠

𝑎
𝑥

∞

0

𝑑𝑡 =
1

𝑎
𝐹 (

𝑠

𝑎
) 

Prove yourself the following properties 

• Frequency Differentiation 

• Frequency Integration 

• Time convolution 

• Frequency convolution 
 

Example using Properties of Laplace Transform 
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Reference books 
The following Books are main textbooks that will be followed throughout the course 

1. Signal Processing and Linear Systems - B. P. Lathi 

2. Digital Signal Processing: Principles, Algorithms, and Applications - John G. Proakis 

3. Digital Signal Processing: A Practical Approach - Emmanuel C. Ifeachor 

4. Schaum’s Outlines of Digital Signal Processing - Monson H. Hayes 

 

 


