NEUB CSE 431 Lecture 7: Z Transform
The direct 𝓏-Transform
The 𝓏-transform of a discrete-time signal 𝑥(𝑛) is defined as the power series
∞

𝑋(𝓏) ≡ ∑ 𝑥(𝑛)𝓏 −𝑛

(3.1.1)

𝑛=−∞

Where 𝓏 is a complex variable. The relation (3.1.1) is sometimes called the direct 𝓏-transform
because it transforms the time domain signal x(n) into complex plane representation X(𝓏).
For convenience, the 𝓏-transform of a signal x(n) is denoted by
(3.1.2)
𝑋(𝓏) ≡ 𝒵{x(n)}
Whereas the relationship between x(n) and X(𝓏) is indicated by
𝓏
𝑥(𝑛) ↔ 𝑋(𝓏)
ROC: The region of convergence (ROC) of X(𝓏) is the set of values of 𝓏 for which X(𝓏) attains a
finite value. Thus any time we cite a 𝓏-transform we should also indicate its ROC.

Inverse 𝓏-Transform
Inverse 𝓏-transform is mathematically defined by
1
𝑥[𝑛] =
∮ 𝑥[𝓏]𝓏 n−1 𝑑𝓏
2𝜋𝑗
∞

= ∮ ∑ 𝑥(𝑘)𝓏 𝑛−1−𝑘 𝑑𝓏
𝑘=−∞

Unilateral 𝓏-Transform
For causal system, as there is no part of the signal for n<0 the 𝓏-transform becomes
∞

𝑋(𝓏) ≡ ∑ 𝑥(𝑛)𝓏 −𝑛
𝑛=0
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From the example above it can be seen that ROC of a finite-duration signal is the entire 𝓏-plane,
except possibly the points 𝓏 =0 and/or 𝓏=∞. These points are excluded, because 𝓏 k (𝑘 > 0)
becomes unbounded for 𝓏=∞ and 𝓏 −k (𝑘 > 0) becomes unbounded for 𝓏=0.
From an mathematical point of view the 𝓏-transform is simply an alternative representation of a
signal.

1

The equation above is called unilateral 𝓏-transform.
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In many cases we can express the sum of the finite or infinite series for the z-transform in a closedform expression. In such cases the z-transform offers a com pact alternative representation of the
signal.

Let us express the complex variable z in polar form as
(3.1.4)
𝓏 = 𝑟𝑒 𝑗𝜃
Where 𝑟 = |𝓏| and 𝜃 = ∠𝓏. Then 𝑋(𝓏) can be expressed as
∞

𝑋(𝓏)|𝑧=𝑟𝑒 𝑗𝜃 = ∑ 𝑥(𝑛)𝑟 −𝑛 𝑒 −𝑗𝜃𝑛
In the ROC of 𝑋(𝓏), |𝑋(𝓏)| < ∞ . But

𝑛=−∞
∞

|𝑋(𝓏| = | ∑ 𝑥(𝑛)𝑟 −𝑛 𝑒 −𝑗𝜃𝑛 |
𝑛=−∞
∞

∞

≤ ∑ |𝑥(𝑛)𝑟 −𝑛 𝑒 −𝑗𝜃𝑛 | = ∑ |𝑥(𝑛)𝑟 −𝑛 |
𝑛=−∞
−𝑛

(3.1.5)

𝑛=−∞
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Hence |𝑋(𝓏)| is finite if the sequence 𝑥(𝑛)𝑟 is absolutely summable.
The problem of finding the ROC for 𝑋(𝓏) is equivalent to determining the range of values of r for
which the sequence 𝑥(𝑛)𝑟 −𝑛 is absolutely summable. To elaborate, let us express (3.1.5) as
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•

•

•

If 𝑋(𝓏) converges in some region of the complex plane, both summations in (3.1.6) must be
finite in that region. If the first sum in (3.1.6) converges, there must exist values of r small
enough such that the product sequence 𝑥(−𝑛)𝑟 𝑛 , 1 ≤ 𝑛 < ∞, is absolutely summable.
Therefore, the ROC for the first sum consists of all points in a circle of some radius r1, w here
𝑟1 < ∞, as illustrated in Fig. 1a.
On the other hand , if the second sum in (3.1.6) converges, there must exist values of r large
enough such that the product sequence x(n)/rn . 0 < 𝑛 < ∞, is absolutely summable. Hence
the ROC for the second sum in (3.1.6) consists of all points outside a circle of radius r > r2. as
illustrated in Fig. 1b.
Since the convergence of 𝑋(𝓏) requires that both sums in (3.1.6) be finite, it follows that the
ROC of 𝑋(𝓏) is generally specified as the annular region in the 𝓏-plane, 𝑟2 < 𝑟 < 𝑟1 . which is
the common region where both sums are finite. This region is illustrated in Fig. 1c. On the
other hand, if 𝑟2 > 𝑟1, th ere is no common region of convergence for the two sums and hence
𝑋(𝓏) does not exist.
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Figure 1 Region of convergence for X (z) and its corresponding causal and anticausal components.
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Table 1 Characteristic Families of Signals with Their Corresponding ROCs
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‼Self Study‼
Relationship between Z-transform and Laplace Transform
Relationship between Z-transform and Fourier Transform
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Properties of the 𝒵-Transform
1. Linearity
If

𝓏

𝑥1 (𝑛) ↔ 𝑋1 (𝓏) 𝑎𝑛𝑑
Then

𝓏

𝑥2 (𝑛) ↔ 𝑋2 (𝓏)

𝓏

𝑥1 (𝑛) = 𝑎1 𝑥1 (𝑛) + 𝑎2 𝑥2 (𝑛) ↔ 𝑋(𝓏) = 𝑎1 𝑋1 (𝓏) + 𝑎2 𝑋2 (𝓏)
2. Time shifting
If

𝓏

𝑥(𝑛) ↔ 𝑋(𝓏)
Then

𝓏

𝑥(𝑛 − 𝑘) ↔ 𝓏 −1 𝑋(𝓏)

Proof:

3. Scaling in 𝓏-domain
If

𝓏

𝑅𝑂𝐶: 𝑟1 < |𝑧| < 𝑟2

𝑥(𝑛) ↔ 𝑋(𝓏),
Then

𝓏

𝑎𝑛 𝑥(𝑛) ↔ 𝑋(𝑎−1 𝓏),
For any constant a real or complex
4. Time reversal
If

𝑅𝑂𝐶: |𝑎|𝑟1 < |𝑧| < |𝑎|𝑟2

𝓏

𝑅𝑂𝐶: 𝑟1 < |𝑧| < 𝑟2

𝑥(𝑛) ↔ 𝑋(𝓏),
Then
𝓏

𝑥(−𝑛) ↔ 𝑋(𝓏 −1 ),
5. Differentiation in 𝓏-domain
If

𝑅𝑂𝐶:

1
1
< |𝑧| <
𝑟2
𝑟1

𝓏

𝑥(𝑛) ↔ 𝑋(𝓏)
Then

𝓏

𝑥1 (𝑛) ↔ 𝑋1 (𝓏) 𝑎𝑛𝑑
Then

𝓏

𝓏

𝑥2 (𝑛) ↔ 𝑋2 (𝓏)

𝑥(𝑛) = 𝑥1 (𝑛) ∗ 𝑥2 (𝑛) ↔ 𝑋(𝓏) = 𝑋1 (𝓏)𝑋2 (𝓏)
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6. Convolution of two sequence
If

𝑑𝑋(𝓏)
𝑑𝓏
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𝓏

𝑛𝑥(𝑛) ↔ −𝓏
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7. Correlation of two sequence
If

𝓏

𝑥1 (𝑛) ↔ 𝑋1 (𝓏) 𝑎𝑛𝑑

𝓏

𝑥2 (𝑛) ↔ 𝑋2 (𝓏)

Then

8. Multiplication of two sequence
If

𝓏

𝑥1 (𝑛) ↔ 𝑋1 (𝓏) 𝑎𝑛𝑑

𝓏

𝑥2 (𝑛) ↔ 𝑋2 (𝓏)

Then

9. Parseval’s relation
If 𝑥1 (𝑛) and 𝑥2 (𝑛) are complex valued sequences, then

10. Initial Value Theorem
If 𝑥(𝑛) is causal [i.e., 𝑥(𝑛) = 0 𝑓𝑜𝑟 𝑛 < 0], then
𝑥(0) = lim 𝑋(𝓏)
𝑧→0

Page

8

Self-study
Proofs of property 3-10 from book
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Table 2 Properties of the 𝒵-Transform
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Examples from properties of 𝓏-transform
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Table 3 Some common 𝓏-transform pairs

Rational 𝓏-Transforms
For most 𝓏-transform the 𝓏-transform is a rational function, i.e. a ratio of two polynomials in 𝓏 −1
(or 𝓏).
𝑋(𝓏) can be written as numerator and denominator
−𝑘
𝑁(𝓏) 𝑏0 + 𝑏1 𝓏 −1 + ⋯ + 𝑏𝑀 𝓏 −𝑀 ∑𝑀
𝑘=0 𝑏𝑘 𝓏
𝑋(𝓏) =
=
=
−𝑘
𝐷(𝓏) 𝑎0 + 𝑎1 𝓏 −1 + ⋯ + 𝑎𝑁 𝓏 −𝑁 ∑𝑁
𝑘=0 𝑎𝑘 𝓏
If 𝑎0 ≠ 0 and 𝑏0 ≠ 0, we can avoid the negative powers of 𝓏 by factoring out the terms 𝑏0 𝓏 −𝑀 and
𝑎0 𝓏 −𝑁 as follows:
𝑏1 𝑀−1
𝑏
𝑀
+ ⋯ + 𝑏𝑀
𝑁(𝓏) 𝑏0 𝓏 −𝑀 ̇ 𝑧 + 𝑏0 𝓏
0
𝑋(𝓏) =
=
𝑎
𝑎
𝐷(𝓏) 𝑎0 𝓏 −𝑁
𝓏 𝑁 + 𝑎1 𝓏 𝑁−1 + ⋯ + 𝑎𝑁
0

0

Since 𝑁(𝓏) and 𝐷(𝓏) are polynomials in 𝓏, they can be expressed in factored form as
𝑁(𝓏) 𝑏0 −𝑀+𝑁 (𝓏 − 𝓏1 )(𝓏 − 𝓏2 ) … (𝓏 − 𝓏𝑀 )
𝑋(𝓏) =
=
𝓏
(𝓏 − 𝑝1 )(𝓏 − 𝑝2 ) … (𝓏 − 𝑝𝑁 )
𝐷(𝓏) 𝑎0
∏𝑀
𝑘=1(𝓏 − 𝑧𝑘 )
𝑋(𝓏) = 𝐺𝓏 𝑁−𝑀 𝑁
∏𝑘=1(𝓏 − 𝑝𝑘 )
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Zeros of a 𝓏-transform X(𝓏) are the values of 𝓏 for which 𝑋(𝓏) = 0. i.e. roots of 𝑁(𝓏).
Poles of a 𝓏-transform X(𝓏) are the values of 𝓏 for which 𝑋(𝓏) = ∞. i.e. roots of 𝐷(𝓏).

14

𝑏

Where 𝐺 = 𝑎0

Page

Pole-zero patlem for the finite-duration signal x(n) = an,
0 ≤n ≤ M —1(a > 0). for M = 8.
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Pole Location and Time-Domain Behavior for Causal Signals
If a real signal has a z-transform with one pole, this pole has to be real. The only such signal is the
real exponential

Figure 2 Time-domain behavior of a single-real pole causal signal as a function of the location of the pole with respect to
the unit circle.
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having one zero at z1=0 and one pole at p1=a on the real axis.
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A causal real signal with a double real pole has the form
𝑥(𝑛) = 𝑛𝑎𝑛 𝑢(𝑛)
and its behavior is illustrated in Fig. 3. Note that in contrast to the single-pole signal, a double real
pole on the unit circle results in an unbounded signal.

Figure 3 Time-domain behavior of causal signals corresponding to a double (m = 2) real pole, as a function of the pole
location.

Figure 4 A pair of complex-conjugate poles corresponds to causal signals with oscillatory behavior.

Prepared BY
Shahadat Hussain Parvez

Page

17

Figure 4 illustrates the case of a pair of complex-conjugate poles. According to Table 3, this
configuration of poles results in an exponentially weighted sinusoidal signal. The distance r of the
poles from the origin determines the envelope of the sinusoidal signal and their angle with the real
positive axis, its relative frequency. Note that the amplitude of the signal is growing if r > 1, constant
if r=1 (sinusoidal signals), and decaying if r < 1 .
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Finally, Fig. 5 shows the behavior o f a causal signal with a double pair of poles on the unit circle. This
reinforces the corresponding results in Fig. 3 and illustrates that multiple poles on the unit circle
should be treated with great care.

Figure 5 Causal signal corresponding to a double pair of complex-conjugate poles on the unit circle.

To summarize, causal real signals with simple real poles or simple complex-conjugate pairs of poles,
which are inside or on the unit circle are always bounded in amplitude. Furthermore, a signal with a
pole (or a complex-conjugate pair of poles) near the origin decays more rapidly than one associated
with a pole near (but inside) the unit circle. Thus the time behavior of a signal depends strongly on
the location of its poles relative to the unit circle. Zeros also affect the behavior of a signal but not as
strongly as poles. For example, in the case of sinusoidal signals, the presence and location of zeros
affects only their phase.
At this point, it should be stressed that everything we have said about causal signals applies as well
to causal LTI systems, since their impulse response is a causal signal. Hence if a pole of a system is
outside the unit circle, the impulse response of the system becomes unbounded and. consequently,
the system is unstable.

The System Function of a Linear Time-Invariant System
We know,

Page

it is clear that H(z) represents the z-domain characterization o f a system , whereas h(n) is the
corresponding time-domain characterization of the system . In other words, H(z) and h(n) are
equivalent descriptions of a system in the two domains. The transform H(z) is called the system
function.
The relation in (𝐻(𝑧) = 𝑌(𝑧)/𝑋(𝑧) ) is particularly useful in obtaining H(z) when the system is
described by a linear constant-coefficient difference equation of the form
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𝑌(𝑧) = 𝐻(𝑧)𝑋(𝑧)
Where 𝑌(𝑧) is the z-transform of the output sequence y(n), X(z) is the z-transform of the inpit
sequence x(n) and H(z) is the z-transform of the unit impulse response h(n)
Using the convolution property, we can write
𝑌(𝑧)
𝐻(𝑧) =
𝑋(𝑧)
Remember from lecture 4-5 that this is similar to that we have done in Laplace transform and
continuous time LTI systems.
Since,
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In this case the system function can be determined directly from above by computing the ztransform of both sides of above equation. Thus, by applying the time-shifting property , we obtain

(x)
This is the general form for the system function of a system described by a linear constantcoefficient difference equation . From this general form we obtain two important special forms.
First, if 𝑎𝑘 = 0 for 1 ≤k≤N, (x) reduces to

In this case H(z) contains M zeros and no poles. It is called all zero system.
On the other hand, if 𝑏𝑘 = 0 for 1≤k≤M, the system function reduces to
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This is all pole system, as it has only poles and no zeros.
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Inverse 𝒵-Transform
As we saw earlier by inverse z-transform is defined as
1
𝑥[𝑛] =
∮ 𝑥[𝓏]𝓏 n−1 𝑑𝓏
(3.4.1)
2𝜋𝑗
where the integral is a contour integral over a closed path C that encloses the origin and lies within
the region of convergence of X(z). For simplicity, C can be taken as a circle in the ROC of X(z) in the zplane.
There are three methods that are often used for the evaluation of the inverse z-transform in
practice:
1. Direct evaluation of (3.4.1), by contour integration.
2. Expansion into a series of terms, in the variables z, and z-1.
3. Partial-fraction expansion and table lookup.
For this course we will not use method 1.
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Inverse z-transform by power series expansion
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Inverse z-transform by Partial-Fraction expansion
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‼Self study‼
Proakis section 3.4.3 The inverse z-transform by partial fraction
Example 3.4.6, 3.4.7, 3.4.8, 3.4.9

Unilateral Z transform (Section 3.5 3rd edition)
Th e one-sided or unilateral z-transform of a signal x(n) is defined by
∞
+

𝑋 𝑠(𝓏) ≡ ∑ 𝑥(𝑛)𝓏 −𝑛
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‼Self study‼
Examples and properties of one-sided z-transform
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𝑛=0

Characteristics
1. It does not contain information about the signal x(n) for negative values of time (i.e., n<0).
2. It is unique only for causal signals, because only these signals are zero for n < 0.
3. It is similar to 2 sided except its ROC is always |𝑧| > 𝑎
So no confusion for ROC and it is not necessary to refer to their ROC .
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Properties of The ROC of Z-Transform
•
•
•
•
•
•
•
•
•

The ROC is a ring or disk centered at the origin
DTFT exists if and only if the ROC includes the unit circle
The ROC cannot contain any poles
The ROC for finite-length sequence is the entire z-plane
o except possibly z=0 and 𝑧 = ∞
The ROC for a right-handed sequence extends outward from the outermost pole possibly
including 𝑧 = ∞
The ROC for a left-handed sequence extends inward from the innermost pole possibly
including z=0
The ROC of a two-sided sequence is a ring bounded by poles
The ROC must be a connected region
A z-transform does not uniquely determine a sequence without specifying the ROC

Stability, Causality, and the ROC
•
•

Consider a system with impulse response h[n]
The z-transform H(z) and the pole-zero plot shown below

•

Without any other information h[n] is not uniquely determined
o |𝑧| > 2 𝑜𝑟 |𝑧| < ½ 𝑜𝑟 ½ < |𝑧| < 2
If system stable ROC must include unit-circle: ½<|z|<2
A discrete time LTI system is stable when
o its system function H[Z] include unit circle |z|=1.
o all poles of the transfer function lay inside the unit circle |z|=1.
If system is causal must be right sided: |z|>2
A discrete time LTI system is causal when
o ROC is outside the outermost pole.
o In The transfer function H[Z], the order of numerator cannot be greater than the
order of denominator.

•
•
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•
•
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Reference books
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The following Books are main textbooks that will be followed throughout the course
1. Signal Processing and Linear Systems - B. P. Lathi
2. Digital Signal Processing: Principles, Algorithms, and Applications - John G. Proakis
3. Digital Signal Processing: A Practical Approach - Emmanuel C. Ifeachor
4. Schaum’s Outlines of Digital Signal Processing - Monson H. Hayes
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