
NEUB CSE 221 Lecture 5: Karnaugh Mapping 

Prepared BY 
Shahadat Hussain Parvez  

P
ag

e1
 

Karnaugh map 

The Karnaugh map is a graphical tool used to simplify a logic equation or to convert a truth table to 

its corresponding logic circuit in a simple, orderly process. Although a Karnaugh map (abbreviated as 

K map) can be used for problems involving any number of input variables, its practical usefulness is 

limited to five or six variables. Up to four variables are discussed in this lecture 

 

Two variables K Map 

The two-variable map is shown in Fig.   1. There are four minterms for two variables; hence, the map 

consists of four squares, one for each minterm. The map is redrawn in (b) to show the relationship 

between the squares and the two variables x and y.  The 0 and 1 marked in each row and column 

designate the values of variables. Variable x appears primed in row 0 and unprimed in row 1. 

Similarly, y appears primed in column 0 and unprimed in column 1.   

 If we mark the squares whose minterms belong to a given function, the two-variable map becomes 

another useful way to represent any one of the 16 Boolean functions of two variables. As an 

example, the function xy is shown in   Fig.    2.  Since   xy is equal to    m3,    a 1 is placed inside the 

square that belongs to    m3.     Similarly, the function     x + y     is represented in the map of  Fig.   

3.2   (b) by three squares marked with 1’s. These squares are found from the minterms of the 

function:   

m1 + m2 + m3 = x’y + xy’ + xy = x + y 

The three squares could also have been determined from the intersection of variable x in the second 

row and variable y in the second column, which encloses the area belonging to x or y. In each 

example, the minterms at which the function is asserted are marked with a 1.   

 
Figure 1 Two variable K map 

 
Figure 2 Representation of functions in the map 

Three variable K map 

A three-variable K-map is shown in Fig. 3. There are eight minterms for three binary variables; 

therefore, the map consists of eight squares. Note that the minterms are arranged, not in a binary 

sequence, but in a sequence similar to the Gray code. The characteristic of this sequence is that only 

one bit changes in value from one adjacent column to the next.  The map drawn in part (b) is marked 

with numbers in each row and each column to show the relationship between the squares and the 
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three variables. For example, the square assigned to    m5    corresponds to row 1 and column 01. 

When these two numbers are concatenated, they give the binary number 101, whose decimal 

equivalent is 5. Each cell of the map corresponds to a unique minterm, so another way of looking at 

square     m5 = xy’z is to consider it to be in the row marked x and the column belonging to y’z    

(column 01). Note that there are four squares in which each variable is equal to 1 and four in which 

each is equal to 0. The variable appears unprimed in the former four squares and primed in the 

latter. For convenience, we write the variable with its letter symbol under the four squares in which 

it is unprimed.   

 To understand the usefulness of the map in simplifying Boolean functions, we must recognize the 

basic property possessed by adjacent squares:  Any two adjacent squares in the map differ by only 

one variable, which is primed in one square and unprimed in the other. For example,    m5     and     

m7    lie in two adjacent squares. Variable y  is primed in    m5     and  unprimed  in     m7,    whereas 

the other two variables are the same in both squares. From the postulates of Boolean algebra, it 

follows that the sum of two minterms in adjacent squares can be simplified to a single product term 

consisting of only two literals. To clarify this concept, consider the sum of two adjacent squares such 

as    m5     and     m7:     

m5 + m7 = xy’z + xyz = xz(y’ + y) = xz 

 Here, the two squares differ by the variable y, which can be removed when the sum of the two 

minterms is formed. Thus, any two minterms in adjacent squares (vertically or horizontally, but not 

diagonally, adjacent) that are ORed together will cause a removal of the dissimilar variable. The next 

four examples explain the procedure for minimizing a Boolean function with a K-map. 

 
Figure 3 Three variable K map 

Examples from Mano 

Example 3.1 

 
Figure 4  F (x, y, z) =  Σ(2, 3, 4, 5) = x’y + xy’ 
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Example 3.2 

 
Figure 5   F (x, y, z) =  Σ (3, 4, 6, 7) = yz + xz' 

Example 3.3 

 
Figure 6   F (x, y, z) =   Σ(0, 2, 4, 5, 6) = z’  + xy’ 

Example 3.4 

 
Figure 7  A’C + A’B + AB’C + BC =  C + A’B 

Four variable K map 

The map for Boolean functions of four binary variables (w, x, y, z) is shown in   Fig. 4. In Fig. 3.8(a) are 

listed the 16 minterms and the squares assigned to each. In Fig. 3.8(b), the map is redrawn to show 

the relationship between the squares and the four variables. The rows and columns are numbered in 

a Gray code sequence, with only one digit changing value between two adjacent rows or columns. 

The minterm corresponding to each square can be obtained from the concatenation of the row 

number with the column number. For example, the numbers of the third row (11) and the second 
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column (01), when concatenated, give the binary number 1101, the binary equivalent of decimal 13. 

Thus, the square in the third row and second column represents minterm    m13.       

 The map minimization of four-variable Boolean functions is similar to the method used to minimize 

three-variable functions. Adjacent squares are defined to be squares next to each other. In addition, 

the map is considered to lie on a surface with the top and bottom edges, as well as the right and left 

edges, touching each other to form adjacent squares. For example,    m0     and     m2    form 

adjacent squares, as do    m3     and     m11.     The combination of adjacent squares that is useful 

during the simplification process is easily determined from inspection of the four-variable map:  

 One square represents one minterm, giving a term with four literals.  

 Two adjacent squares represent a term with three literals.  

 Four adjacent squares represent a term with two literals.  

 Eight adjacent squares represent a term with one literal.  

 Sixteen adjacent squares produce a function that is always equal to 1. 

 
Figure 8 Four variable K map 

Example 3.5 

 
Figure 9  F(w, x, y, z) = Σ (0,1, 2, 4, 5, 6, 8, 9, 12, 13, 14) = y’ + w’z’ + xz’      
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Example 3.6 

 

Figure 10  

Steps for doing K map 

1. Form the 2-dimensional table as above. Combine 2 inputs in a “gray code" way  

2. Form groups of 1's and circle them; the groups are rectangular and must have sides oflength 

2n X 2m, where n and m are integers 0,1,2,… 

3. The groups can overlap. 

4. Write down an expression of the inputs for each group. 

5. OR together these expressions. That's it. 

6. Groups can wrap across table edges. 

7. As before, one can alternatively form groups of 0's to give a solution for Q’. 

8. The bigger the groups one can form, the better (simpler) the result. 

9. There are usually many alternative solutions, all equivalent, some better than others 

depending upon what one is trying to optimize. 

 

Rules for simplification 

 Groups may not include any cell containing a zero  
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 Groups may be horizontal or vertical, but not diagonal.  

 
 Groups must contain 1, 2, 4, 8, or in general 2n cells. That is if n = 1, a group will contain 

two 1's since 21 = 2. If n = 2, a group will contain four 1's since 22 = 4.  

 
 Each group should be as large as possible.  

 
 Each cell containing a one must be in at least one group.  
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 Groups may overlap.  

 
 Groups may wrap around the table. The leftmost cell in a row may be grouped with the 

rightmost cell and the top cell in a column may be grouped with the bottom cell.  

 
 There should be as few groups as possible, as long as this does not contradict any of the 

previous rules.  

 
Summmary: 

1. No zeros allowed.  

2. No diagonals.  

3. Only power of 2 number of cells in each group.  

4. Groups should be as large as possible.  

5. Every one must be in at least one group.  

6. Overlapping allowed.  

7. Wrap around allowed.  

8. Fewest numbers of groups possible. 
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 Don’t care conditions 

The logical sum of the minterms associated with a Boolean function specifies the conditions under 

which the function is equal to 1. The function is equal to 0 for the rest of the minterms. This pair of 

conditions assumes that all the combinations of the values for the variables of the function are valid. 

In practice, in some applications the function is not specified for certain combinations of the 

variables. As an example, the four-bit binary code for the decimal digits has six combinations that 

are not used and consequently are considered to be unspecified. Functions that have unspecified 

outputs for some input combinations are called incompletely specified functions. In most 

applications, we simply don’t care what value is assumed by the function for the unspecified 

minterms. For this reason, it is customary to call the unspecified minterms of a function don’t-care 

conditions. These don’t-care conditions can be used on a map to provide further simplification of the 

Boolean expression.  

 A don’t-care minterm is a combination of variables whose logical value is not specified. Such a 

minterm cannot be marked with a 1 in the map, because it would require that the function always 

be a 1 for such a combination. Likewise, putting a 0 on the square requires the function to be 0. To 

distinguish the don’t-care condition from 1’s and 0’s, an X is used. Thus, an X inside a square in the 

map indicates that we don’t care whether the value of 0 or 1 is assigned to F for the particular 

minterm.  

 In choosing adjacent squares to simplify the function in a map, the don’t-care min-terms may be 

assumed to be either 0 or 1. When simplifying the function, we can choose to include each don’t-

care minterm with either the 1’s or the 0’s, depending on which combination gives the simplest 

expression. 

Example 3.8 
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More Examples or K Map simplification 

Two variable Karnaugh map example 

 
 

 

 



NEUB CSE 221 Lecture 5: Karnaugh Mapping 

Prepared BY 
Shahadat Hussain Parvez  

P
ag

e1
0

 

Three variable Karnaugh map example 

 
Four variable Karnaugh map example 
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A few more examples 

 
Sometimes a map can be simplified into two equally good solutions as shown below 
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Another example of don’t care conditions 

 
Implementation using only Universal Gates 

All logic circuits can be easily implemented using either NAND or NOR gates. This is due to the fact 

that they are universal gates and can emulate the functionalities of any fundamental gates. The 

equivalence of different functional gates is already discussed in lecture 4. 

For example, for the function, 

O=A’B’C+A’BC+AB’C’+AB’C 

Truth table is 

A B C O 

0 0 0 0 

0 0 1 1 

0 1 0 0 

0 1 1 1 

1 0 0 1 

1 0 1 1 

1 1 0 0 

1 1 1 0 

K-map will be 

    BC  

A   00 01 11 10 

0 0 1 1 0 

1 1 1 0 0 

So the simplified function is 

O=A’C+AB’ 

First implement the circuit using Basic gates. 

 
Next replace each of the basic gates using either NAND or NOR representations. Remove NAND/NOR 

gates where 2 NAND/NOR gates come one after another. 
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For example using NAND gates: 

 
For example using NOR gates: 
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1. Simplify the following functions using 3 variables K-Map. 

a. F (x, y, z) = Σ(1, 2, 3, 4, 5, 7) 

b. F (x, y, z) = Σ(0, 2, 4, 5) 

c. F (x, y, z) = Σ(0, 1, 2, 3, 5) 

d. F (x, y, z) = Σ(1, 2, 3, 7) 

e. F (x, y, z) = Σ(0, 1, 5, 7)  

f. F (x, y, z) = Σ(0, 1, 2, 3, 4, 5,6, 7) 

g. F (x, y, z) = Σ(2, 3, 4, 5) 

2. Simplify the following functions using K-Map. 

a. F(A,B,C,D)=Σ(3,7,11,13,14,15) 

b. F(A,B,C,D)=Σ(11,12,13,14,15) 

c. F(A,B,C,D)=Σ(2,3,6,7) 

d. F(A,B,C,D)=Σ(1,4,5,6,12,14,15) 

e. F(A,B,C,D)=Σ(0,2,4,5,6,8,11,14,15) 

3. Simplify the following functions using K-Map. 

 
4. Implement the simplified circuits in questions 1a,b,d,e,f using only NAND gates. 

5. Implement the simplified circuits in question 2 using only NOR gates. 

 

Reading Materials 
1. Digital Design by M. Morris Mano and Michael D. Ciletti, 5th Edition 

a. Chapter 3 

2. Digital Logic and Computer Design by M. Morris Mano 

3. Digital Systems : Principles and Applications by Ronald J. Tocci, Neal S. Widmer, Gregory 

L. Moss, 10th Edition. 

a. Chapter 4 (Section 4.5) 

4. Logic and Computer Design Fundamentals by M. Morris Mano and Charles Kime, 4th 

Edition 

 


