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Roots 
“Roots” problems occur when some function f can be written in terms of one or more dependent 

variables x, where the solutions to f(x)=0 yields the solution to the problem. 

These problems often occur when a design problem presents an implicit equation for a required 

parameter. 

There are many methods for finding the roots of an equation. The broad two types of method used 

to find the roots of an equation used in numerical analysis are bracketing methods and open 

methods. This lecture largely discusses the bracketing methods. 

Graphical method 
A simple method for obtaining the estimate of the root of the equation f(x)=0 is to make a plot of 

the function and observe where it crosses the x-axis. 

Graphing the function can also indicate where roots may be and where some root-finding methods 

may fail: 

a) Same sign, no roots 

b) Different sign, one root 

c) Same sign, two roots 

d) Different sign, three roots  

 
Steps involved in finding the roots using graphical methods are 

1. Make a table of f(x) with different values of x 

2. Plot the points on a graph 

3. The value of x for which the function (Curve) crosses the x axis, is the roots of the 

equation. 

i.e. f(x)=0 
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Bracketing method 
Bracketing is the method in which a root is approached from two sides of the root and the bracket is 

made smaller for each iteration until the bracket is close enough for the error to be minimum or the 

root is found to be in one end of the boundary of the bracket. 

Bracketing methods are based on making two initial guesses that “bracket” the root - that is, are on 

either side of the root. 

Brackets are formed by finding two guesses xl and xu where the sign of the function changes; that is, 

where f(xl ) f(xu ) < 0 

The incremental search method tests the value of the function at evenly spaced intervals and finds 

brackets by identifying function sign changes between neighboring points. 
 

Bisection method 
The bisection method is a variation of the incremental search method in which the interval is always 

divided in half. 

If a function changes sign over an interval, the function value at the midpoint is evaluated. 

The location of the root is then determined as lying within the subinterval where the sign change 

occurs. 

The absolute error is reduced by a factor of 2 for each iteration. 

 
 

Steps involved in finding the roots using Bisection methods are 

1. Choose lower Xl and upper xu guesses for the root such that the function changes signover 

the interval. 

This can be checked by ensuring that 𝑓(𝑥𝑙). 𝑓(𝑥𝑢) < 0 

2. An estimate of root of x is determined by 

𝑥𝑟 =
𝑥𝑙 + 𝑥𝑢

2
 

3. Make the following calculation to find which subinterval the root lies 

a. If 𝑓 𝑥𝑙 . 𝑓 𝑥𝑟 < 0, then the root lies in lower subinterval so 𝑥𝑢 = 𝑥𝑟  and go to step2 

b. If 𝑓 𝑥𝑙 . 𝑓 𝑥𝑟 > 0, then the root lies in upper subinterval so 𝑥𝑙 = 𝑥𝑟  and go to step2 

c. If 𝑓 𝑥𝑙 . 𝑓 𝑥𝑟 = 0, then the root equals x; terminate the algorithm 
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Termination criteria and error estimates 

The approximation error for any iteration can be found using the formula 

𝜀𝑎 =  
𝑥𝑟

𝑛𝑒𝑤 − 𝑥𝑟
𝑜𝑙𝑑

𝑥𝑟
𝑛𝑒𝑤  × 100% 

The algorithm can be terminated when the approximation error is less than the desired error 𝜀𝑠 . 

𝜀𝑎 < 𝜀𝑠  

The Graph below shows the approximation error and true error for example 5.4. It is important to 

note that for every iteration the error is minimized. 

 
The absolute error of the bisection method is solely dependent on the absolute error at the start of 

the process (the space between the two guesses) and the number of iterations: 

𝐸𝑎
𝑛 =

∆𝑥0

2𝑛
 

The required number of iterations to obtain a particular absolute error can be calculated based on 

the initial guesses: 

𝑛 = log2

∆𝑥0

𝐸𝑎𝑑
 

There are some situations where bisection method suffers to find the roots. The graph below 

illustrates some of the situation where bisection method is a poor choice. 
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In case of graph c, d, e, f the bisection method cannot be used to find the roots.  But in case of graph 

g of the initial guesses are outside the both roots it will be a poor choice.  

Bisection method is less effective if there are roots very close to each other. 

False position method 
The false position method is another bracketing method. Unlike Bisection method, it determines the 

next guess not by splitting the bracket in half but by connecting the endpoints with a straight line 

and determining the location of the intercept of the straight line (xr). 

The value of xr then replaces whichever of the two initial guesses yields a function value with the 

same sign as f(xr). 

Take a look at the graph, the new xr is the point where the straight line passing 

through 𝑓 𝑥𝑙  & 𝑓(𝑥𝑢). And equation can be generated by using similarity of the two triangles 

formed. 

𝑓 𝑥𝑙 

𝑥𝑟 − 𝑥𝑙
=

𝑓 𝑥𝑢 

𝑥𝑟 − 𝑥𝑢
 

𝑥𝑟 = 𝑥𝑢 −
𝑓 𝑥𝑢  𝑥𝑙 − 𝑥𝑢 

𝑓 𝑥𝑙 − 𝑓 𝑥𝑢 
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Steps involved in finding the roots using Bisection methods are 

1. Choose lower Xl and upper xu guesses for the root such that the function changes signover 

the interval. 

This can be checked by ensuring that 𝑓(𝑥𝑙). 𝑓(𝑥𝑢) < 0 

2. An estimate of root of x is determined by 

𝑥𝑟 = 𝑥𝑢 −
𝑓 𝑥𝑢  𝑥𝑙 − 𝑥𝑢 

𝑓 𝑥𝑙 − 𝑓 𝑥𝑢 
 

3. Make the following calculation to find which subinterval the root lies 

a. If 𝑓 𝑥𝑙 . 𝑓 𝑥𝑟 < 0, then the root lies in lower subinterval so 𝑥𝑢 = 𝑥𝑟  and go to step2 

b. If 𝑓 𝑥𝑙 . 𝑓 𝑥𝑟 > 0, then the root lies in upper subinterval so 𝑥𝑙 = 𝑥𝑟  and go to step2 

c. If 𝑓 𝑥𝑙 . 𝑓 𝑥𝑟 = 0, then the root equals x; terminate the algorithm 

 

The figure below shows the true error comparison for a same function with false position and 

bisection method. It can be noted that false position method reduces error faster than bisection 

method. This is true for most of the cases. 

 
 

There are some cases when false position method can be very slow to converge. The following figure 

shows the false position method algorithm used for the function  𝑓 𝑥 = 𝑥10 − 1 
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One way to mitigate the one sided nature of False Position Method is to have algorithm detect when 

one end of the bound is stuck. If this occurs, the function value at the stagnant end can be divided 

into half. This is called modified false position method. 
 

1. Use graphical method to find the root of equation 

a. 𝑦 = 5𝑥3 + 9𝑥2 + 3𝑥 + 2 

b. 𝑦 = 5𝑥4 + 9𝑥3 + 3𝑥 + 2 

2. Use false position and bisection method to find the roots of 

a. 𝑓 𝑥 = −0.6𝑥2 + 2.4𝑥 + 5.5 

b. 𝑓 𝑥 = 4𝑥3 − 6𝑥2 + 7𝑥 − 2.3 

c. 𝑓 𝑥 = −26 + 85𝑥 − 91𝑥2 + 44𝑥3 − 8𝑥4 + 𝑥5  

In each case use maximum 6 iteration and break the iteration for error less than 

0.1% 

3. Implement all the methods shown in this lecture using the language of your choice. 

4. Chapra examples 

a. 5.1 

b. 5.2 

c. 5.3 

d. 5.4 

e. 5.5 

f. 5.6 
 

Reading Materials 
1. Numerical Methods for Engineers by Steven C. Chapra and Raymond P. Canale, McGraw Hills 

Education, 6th Edition 

a. Chapter 5 
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Examples 
Example 5.1 
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Example 5.2 

 

 

 
Example 5.3 
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Example 5.4 
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Example 5.5 

 

 

 
Example 5.6 
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