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Open methods 
Open methods differ from bracketing methods, in that open methods require only a single starting 

value or two starting values that do not necessarily bracket a root. 

Open methods may diverge as the computation progresses, but when they do converge, they usually 

do so much faster than bracketing methods.  

Open vs closed methods 

Figure below shows the graphical depiction of the fundamental difference between the (a) 

bracketing and (b) and (c) open methods for root location. In (a), which is the bisection method, the 

root is constrained within the interval prescribed by xl and xu. In contrast, for the open method 

depicted in (b) and (c), a formula is used to project from xi to xi+1 in an iterative fashion. Thus, the 

method can either (b) diverge or (c) converge rapidly, depending on the value of the initial guess 

  
Figure 1 Graphical depiction Open vs Closed methods 

Fixed Point Iteration 
Open methods employ a formula to predict the root. Such a formula can be developed for simple 

fixed-point iteration (or, as it is also called, one-point iteration or successive substitution) by 

rearranging the function f (x) = 0 so that x is on the left-hand side of the equation: 

𝑥 =  𝑔(𝑥 ) 

This transformation can be accomplished either by algebraic manipulation or by simply adding x to 

both sides of the original equation. For example, 

𝑥2 − 2𝑥 + 3 = 0 can be easily manipulated to yield 𝑥 =
𝑥2+3

2
 

Whereas sin 𝑥 = 0 could be easily put into 𝑥 = sin 𝑥 + 𝑥 by adding x to both sides. 

The formula  𝑥 =  𝑔(𝑥 ) can be used to estimate a new root, 𝑥𝑖+1 with any initial guess of the root 

𝑥𝑖  

𝑥𝑖+1 = 𝑔(𝑥𝑖) 
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Similar to other iterative methods the approximate error can be estimated using the formula  

휀𝑎 =  
𝑥𝑟

𝑛𝑒𝑤 − 𝑥𝑟
𝑜𝑙𝑑

𝑥𝑟
𝑛𝑒𝑤  × 100% =  

𝑥𝑖+1 − 𝑥𝑖

𝑥𝑖+1
 × 100% 

Example 6.1 

 Solve f(x)=e-x-x  

 Re-write as x=g(x) by isolating x (example: x=e-x)  

 Start with an initial guess (here, 0) 

 
 Continue until some tolerance is reached 

The figure below shows a graphical depiction of how fixed point iteration works. (Example 6.2) 

  
Figure 2 Two alternative graphical methods for determining the root of f (x) = e−x − x. (a) Root at the point where it 

crosses the x axis; (b) root at the intersection of the component functions. 

Convergence  

Convergence of the simple fixed-point iteration method requires that the derivative of g(x) near the 

root has a magnitude less than 1. 

a) Convergent, 0≤g’<1 

b) Convergent, -1<g’≤0 

c) Divergent, g’>1 

d) Divergent, g’<-1 
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Figure 3 Graphical depiction of (a) and (b) convergence and (c) and (d) divergence of simple fixed-point iteration. Graphs 

(a) and (c) are called monotone patterns, whereas (b) and (d) are called oscillating or spiral patterns. Note that 

convergence occurs when  

Pseudo code for Fixed point iteration 
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Newton-Raphson method 
Newton-Raphson (NR) method is one of the most widely used numerical methods for finding roots. 

The main advantage of Newton-Raphson method is that it converges very fast compared to other 

methods of locating roots. If the initial guess at the root is xi, a tangent can be extended from the 

point [xi, f (xi)]. The point where this tangent crosses the x axis usually represents an improved 

estimate of the root. The Newton-Raphson method can be derived on the basis of this geometrical 

interpretation. Since the first derivative of a function is equal to the slope of the function: 

𝑓 ′ 𝑥𝑖 =
𝑓 𝑥𝑖 − 0

𝑥𝑖 − 𝑥𝑖+1
 

Which can be rearranged to yield 

𝑥𝑖+1 = 𝑥𝑖 −
𝑓 𝑥𝑖 

𝑓 ′ 𝑥𝑖 
 

This formula is called the Newton-Raphson formula. 

The figure below shows the graphical depiction of how Newton-Raphson method works. 

  
Figure 4 Graphical depiction of the Newton-Raphson method. A tangent to the function of xi *that is, f’(xi)+ is 

extrapolated down to the x axis to provide an estimate of the root at xi+1. 

Advantage of Newton-Raphson method 

The error of the i+1th iteration is roughly proportional to the square of the error of the ith iteration - 

this is called quadratic convergence 

Error estimates of Newton-Raphson method 

Similar to other iterative methods the approximate error can be estimated for termination criteria 

using the formula  

휀𝑎 =  
𝑥𝑟

𝑛𝑒𝑤 − 𝑥𝑟
𝑜𝑙𝑑

𝑥𝑟
𝑛𝑒𝑤  × 100% =  

𝑥𝑖+1 − 𝑥𝑖

𝑥𝑖+1
 × 100% 

Also Taylor series derivation can be used to get insight on the theoretical convergence as expressed 

by 𝐸𝑖+1 = 𝑂(𝐸𝑖
2) thus the error should be roughly proportional to the square of the previous error. 

In other word the number of significant figures of accuracy doubles with each iteration. 

𝐸𝑖+1 =
−𝑓′′ 𝑥𝑖 

2𝑓 ′ 𝑥𝑖 
(𝐸𝑖

2) 
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Pitfalls of Newton-Raphson method 

Although the Newton-Raphson method is often very efficient, there are situations where it performs 

poorly. A special case—multiple roots—will be addressed later in this chapter. However, even when 

dealing with simple roots, difficulties can also arise, as in f(x ) = x 10 − 1. 

The following figure shows four cases where Newton-Raphson method has poor convergence. 

  
Figure 5 Four cases where the Newton-Raphson method exhibits poor convergence. 

Algorithm for implementation of Newton-Raphson method 

The algorithm to implement Newton-Raphson method is similar to fixed point iteration method. The 

major difference is that we have to replace the equation for FPI with the equation of Newton-

Raphson method, and that we have to also calculate the first derivative of the function. This can be 

added as a separate function. 

Additional Improvement can include  

1. A plotting routine should be included in the program. 

2. At the end of the computation, the final root estimate should always be substituted into the 

original function to compute whether the result is close to zero. This check partially guards 

against those cases where slow or oscillating convergence may lead to a small value of εa 

while the solution is still far from a root. 

3. The program should always include an upper limit on the number of iterations to guard 

against oscillating, slowly convergent, or divergent solutions that could persist interminably. 

4. The program should alert the user and take account of the possibility that  f’(x ) might equal 

zero at any time during the computation. 
 

Secant method 
A potential problem in implementing the Newton-Raphson method is the evaluation of the 

derivative - there are certain functions whose derivatives may be difficult or inconvenient to 

evaluate. 

For these cases, the derivative can be approximated by a backward finite divided difference: 

𝑓 ′ 𝑥𝑖 ≅
𝑓 𝑥𝑖−1 − 𝑓 𝑥𝑖 

𝑥𝑖−1 − 𝑥𝑖
 

Substitution of this approximation for the derivative to the Newton-Raphson method equation gives: 

𝑥𝑖+1 = 𝑥𝑖 −
𝑓 𝑥𝑖  𝑥𝑖−1 − 𝑥𝑖 

𝑓 𝑥 𝑖−1  − 𝑓 𝑥𝑖 
 

This equation is the formula for the secant method. For this method 2 initial guesses are necessary. 

But it is not required to change signs between the estimates as in bracketing methods. 
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Modified secant method 

Rather than using two arbitrary values to estimate the derivative, an alternative approach involves a 

fractional perturbation of the independent variable to estimate f’(x ), 

𝑓 ′ 𝑥𝑖 ≅
𝑓 𝑥𝑖 + 𝛿𝑥𝑖 − 𝑓 𝑥𝑖 

𝛿𝑥𝑖
 

Where 𝛿 = 𝑎 𝑠𝑚𝑎𝑙𝑙 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛. This approximation can be substituted into previous 

equation to yield the following iterative equation. 

𝑥𝑖+1 = 𝑥𝑖 −
𝛿𝑥𝑖𝑓 𝑥𝑖 

𝑓 𝑥𝑖 + 𝛿𝑥𝑖 − 𝑓 𝑥𝑖 
 

 

Error estimates of Secant method 

Similar to other iterative methods the approximate error can be estimated for termination criteria 

using the formula  

휀𝑎 =  
𝑥𝑟

𝑛𝑒𝑤 − 𝑥𝑟
𝑜𝑙𝑑

𝑥𝑟
𝑛𝑒𝑤  × 100% =  

𝑥𝑖+1 − 𝑥𝑖

𝑥𝑖+1
 × 100% 

Difference between secant method and false position method 

The figure below shows a comparison between secant method and false position method 

 
Figure 6 Comparison of the false-position and the secant methods. The first iterations (a) and (b) for both techniques are 

identical. However, for the second iterations (c) and (d), the points used differ. As a consequence, the secant method 
can diverge, as indicated in (d). 

Secant Method False position method 

Secant method is an open method False position method is a bracketing method 
Roots may converge or diverge Roots always converges 
No need to check for sigh change between two 
initial guesses 

2 initial guesses must have different sign for the 
function value 
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Algorithm for implementation of Secant method 

The algorithm to implement Secant method is similar to fixed point iteration method. The major 

difference is that we have to replace the equation for FPI with the equation of Secant method 

Also the suggestions of the implementation of Newton-Raphson method can be implemented. 
 

The figure below shows the comparison of percent relative error for different method of finding 

roots . 

 
Figure 7 comparison of percent relative error for different method of finding roots. 

1. Explain the difference between open and closed method of finding roots. 

2. Use (i) Newton-Raphson (ii) Secant method to find the root of equation 

a. 𝑦 = 5𝑥3 + 9𝑥2 + 3𝑥 + 2 

b. 𝑦 = 5𝑥4 + 9𝑥3 + 3𝑥 + 2 

c. 𝑓 𝑥 = −0.6𝑥2 + 2.4𝑥 + 5.5 

d. 𝑓 𝑥 = 4𝑥3 − 6𝑥2 + 7𝑥 − 2.3 

e. 𝑓 𝑥 = −26 + 85𝑥 − 91𝑥2 + 44𝑥3 − 8𝑥4 + 𝑥5 

In each case use maximum 6 iteration and break the iteration for error less than 0.1% 

3. Explain the difference between Secant method and false position method. Use graphical 

example to explain the difference. 

4. Implement all the methods shown in this lecture using the language of your choice. 

5. Chapra examples  

a. 6.1 - 6.6 

b.  6.8 

Reading Materials 
1. Numerical Methods for Engineers by Steven C. Chapra and Raymond P. Canale, McGraw Hills 

Education, 6th Edition 

a. Chapter 6 
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Example (to be done in class) 
Example 6.3 Newton raphson method 

 
 

Example 6.5 : Newton Raphson method backfires 
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Example 6.6: Secant method 

 

 
Example 6.8 : Modified secant method 
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Additional Examples (To be Done by Students) 
Example 6.4 

 

 
 


