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Polynomial 

Polynomial can be represented in the general form 

𝑓𝑛  (𝑥 )  =  𝑎0  + 𝑎1 𝑥 +  𝑎2 𝑥2  +··· + 𝑎𝑛𝑥
𝑛  

Where n= the order of the polynomial and a’s= constant coefficients. 

For an nth order polynomial there are n roots (Real or complex). If n is odd there is at least 1 real 

root, as complex roots comes in pair (Conjugate pair [𝜆 + 𝜇𝑖 and 𝜆 − 𝜇𝑖 ]). 

Polynomial in engineering and science 

Polynomials have many applications in engineering and science. They are extensively used in curve 

fitting. 

2nd order polynomial can be defined using linear ordinary differential equation (ODE) 

𝑎2

𝑑2𝑦

𝑑𝑡2
+ 𝑎1

𝑑𝑦

𝑑𝑡
+ 𝑎0𝑦 = 𝐹(𝑡) 

If 𝑧 =
𝑑𝑦

𝑑𝑡
  then 

𝑑𝑧

𝑑𝑡
=

𝐹 𝑡 − 𝑎1𝑧 − 𝑎0𝑦

𝑎2
 

𝑑𝑦

𝑑𝑡
= 𝑧 

 

In a similar manner a nth order linear ODE can always be expressed as a system of n first-order 

ODEs. 

For roots, 𝐹 𝑡 = 0, so: 

𝑎2

𝑑2𝑦

𝑑𝑡2
+ 𝑎1

𝑑𝑦

𝑑𝑡
+ 𝑎0𝑦 = 0 

Thus, as the name implies, the general solution should tell us something very fundamental about the 

system being simulated—that is, how the system responds in the absence of external stimuli. 

Now, the general solution to all unforced linear systems is of the form  𝑦 =  𝑒𝑟𝑡 . If this function is 

differentiated and substituted into last equation, the result is 

𝑎2𝑟
2𝑒𝑟𝑡  + 𝑎1𝑟𝑒

𝑟𝑡  +  𝑎0𝑒
𝑟𝑡  =  0 

𝑎2𝑟
2  +  𝑎1𝑟 + 𝑎0  =  0 

We can evaluate the roots using quadratic formula, 

𝑟1

𝑟2
=

−𝑎1 ±  𝑎1
2 − 4𝑎2𝑎0

𝑎0
 

Thus, we get two roots. If the discriminant (𝑎1
2  −  4𝑎2𝑎0) is positive, the roots are real and the 

general solution can be represented as 

𝑦 = 𝑐1𝑒
𝑟1𝑡 + 𝑐2𝑒

𝑟2𝑡  

where the c’s = constants that can be determined from the initial conditions. This is called the 

overdamped case. 

If the discriminant is zero, a single real root results, and the general solution can be formulated as 

𝑦 =  𝑐1 + 𝑐2 𝑒
𝜆𝑡  

This is called critically damped case 

If the discriminant is negative, the roots will be complex conjugate numbers  
𝑟1

𝑟2
= 𝜆 ± 𝜇𝑖 

And the general solution can be formulated as 

𝑦 = 𝑐1𝑒
(𝜆+𝜇𝑖 )𝑡 + 𝑐2𝑒

(𝜆−𝜇𝑖 )𝑡  
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The physical behavior of this solution can be elucidated by using Euler’s formula 

𝑒𝜇𝑖𝑡 = cos𝜇𝑡 +  𝑖 sin𝜇𝑡 

to reformulate the general solution as 

𝑦 = 𝑐1𝑒
𝜆𝑡 cos𝜇𝑡 + 𝑐2𝑒

𝜆𝑡 sin𝜇𝑡 

This is called underdamped case  

  
Figure 1 The general solution for linear ODEs can be composed of (a) exponential and (b) sinusoidal components. The 

combination of the two shapes results in the damped sinusoid shown in (c). 

 Computing with polynomial 

Although it is the most common format, Eq.  𝑓𝑛   𝑥  =  𝑎0  +  𝑎1 𝑥 + 𝑎2 𝑥2  +··· + 𝑎𝑛𝑥
𝑛   provides a 

poor means for determining the value of a polynomial for a particular value of x. For example, 

evaluating a third-order polynomial as 

𝑓3(𝑥 )  =  𝑎3 𝑥3  +  𝑎2 𝑥2  +  𝑎1 𝑥 +  𝑎0 

involves six multiplications and three additions. In general, for an nth-order polynomial, this 

approach requires n(n + 1)/2 multiplications and n additions. 

In contrast, a nested format, 

𝑓3 (𝑥 )  =  ((𝑎3 𝑥 +  𝑎2)𝑥 +  𝑎1)𝑥 + 𝑎0  

involves three multiplications and three additions. For an  nth-order polynomial, this ap-proach 

requires n multiplications and n additions. Because the nested format minimizes the 

number of operations, it also tends to minimize round-off errors. Note that, depending on 

your preference, the order of nesting can be reversed: 

𝑓3(𝑥 )  =  𝑎0  +  𝑥 (𝑎1  +  𝑥 (𝑎2  +  𝑥𝑎3)) 

The pseudo code to implement this nested form is 

 
Where p holds the value of the polynomial (defined by its coefficients, a’s) evaluated at X. 
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There are some cases (such as in Newton-Raphson method) where it is needed for the derivative to 

be evaluated. This evaluation can be also included by adding 1 more line. 

 
Where df holds the first derivative of the polynomial. 
 

Polynomial deflation 

Polynomial deflation is the process for reducing the order of a polynomial after a root has been 

found. For the 5th order polynomial 

𝑓5(𝑥 )  = −120 −  46𝑥 +  79𝑥2  −  3𝑥3  −  7𝑥4  +  𝑥5 

We can use the alternative representation of  

𝑓5(𝑥 )  =  (𝑥 +  1)(𝑥 −  4)(𝑥 −  5)(𝑥 +  3)(𝑥 −  2) 

This representation is called factored form. If we divide the fifth order polynomial by (x+3) for this 

case the result will be 

𝑓4(𝑥 )  =  (𝑥 +  1)(𝑥 −  4)(𝑥 −  5)(𝑥 −  2)  = −40 −  2𝑥 +  27𝑥2  −  10𝑥3  + 𝑥4 

With a remainder of zero.  

One simple scheme for implementing polynomial deflation is provided by the following pseudocode, 

which divides an nth-order polynomial by a monomial factor x − t: 

 
If the monomial is a root of the polynomial, the remainder r will be zero, and the coefficients of the 

quotient stored in a, at the end of the loop.                                                    

Example 7.1 
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MÜLLER’S METHOD 

Müller’s method is similar to secant method. Where secant method extimates new approximation 

by projecting a straight line to x-axis, Müller’s method projects a parabola through 3 points on x-axis. 

 
Figure 2 A comparison of two related approaches for locating roots: (a) the secant method and (b) Müller’s method. 

A parabola can be written in a convenient form 

𝑓2(𝑥 )  =  𝑎 𝑥 –  𝑥2 
2  +  𝑏(𝑥 –  𝑥2)  +  𝑐 I 

We want this parabola to intersect the three points [x0, f (x0)], [x1, f(x1)], and [x2, f(x2)]. The 

coefficients of this equation can be evaluated by substituting each of the three points to give 

𝑓(𝑥0)  =  𝑎 𝑥0 –  𝑥2 
2  +  𝑏(𝑥0 –  𝑥2)  +  𝑐 II 

𝑓(𝑥1)  =  𝑎 𝑥1 –  𝑥2 
2  +  𝑏(𝑥1 – 𝑥2)  +  𝑐 III 

𝑓(𝑥2)  =  𝑎 𝑥2 –  𝑥2 
2  +  𝑏(𝑥2 –  𝑥2)  +  𝑐 IV 

Because we have three equations, we can solve for the three unknown coefficients, a, b, and c. 

Because two of the terms in Eq. (IV) are zero, it can be immediately solved for c = f (x2). Thus, the 

coefficient  c is merely equal to the function value evaluated at the third guess,  x2. This result can 

then be substituted into Eqs. (II) and (III) to yield two equations with two unknowns: 

𝑓(𝑥0)  −  𝑓(𝑥2)  =  𝑎 𝑥0 –  𝑥2 
2  +  𝑏(𝑥0 –  𝑥2) V 

𝑓(𝑥1)  −  𝑓(𝑥2)  =  𝑎 𝑥1 –  𝑥2 
2  +  𝑏(𝑥1 –  𝑥2) VI 

 

Algebraic manipulation can then be used to solve for the remaining coefficients, a and b.One way to 

do this involves defining a number of differences, 

ℎ0  =  𝑥1 –  𝑥0                              ℎ1  =  𝑥2 –  𝑥1 

𝛿0 =
𝑓 𝑋1 − 𝑓 𝑋0 

𝑋1 − 𝑋0
                                𝛿1 =

𝑓 𝑋2 − 𝑓 𝑋1 

𝑋2 − 𝑋1
 

VII 

Equation VII can be substituted into equations V and Vi to get 

 ℎ0  +  ℎ1 𝑏 −   ℎ0  +  ℎ1 
2𝑎 =  ℎ0𝛿0  + ℎ1𝛿1 

ℎ1    𝑏           −  ℎ1
2    𝑎      =        ℎ1𝛿1 

This can be solved for a and b 

𝑎 =
𝛿1 − 𝛿0

ℎ1 + ℎ0
 

IX 

𝑏 = 𝑎ℎ1 + 𝛿1 X 
𝑐 = 𝑓(𝑋2) XI 
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To find the root, we apply the quadratic formula to Eq. (I). However, because of potential round-off 

error, rather than using the conventional form, we use the alternative formulation [Equations a and 

b below] to yield 

         (a) 

For cases where 𝑏2 ≫ 4𝑎𝑐 the difference will be small so we can write 

         (c) 

𝑥3 − 𝑥2 =
−2𝑐

𝑏 ±  𝑏2 − 4𝑎𝑐
 

XII 

𝑜𝑟, 𝑥3 = 𝑥2 +
−2𝑐

𝑏 ±  𝑏2 − 4𝑎𝑐
 

XIII 

Note that the use of the quadratic formula means that both real and complex roots can be located. 

This is a major benefit of the method. 

In addition, Eq. (XII) provides a neat means to determine the approximate error. Because the left 

side represents the difference between the present (x3) and the previous (x2) root estimate, the 

error can be calculated as 

휀𝑎 =  
𝑋3 − 𝑋2

𝑋3
 100% 

Now, a problem with Eq. (XII) is that it yields two roots, corresponding to the ± term in the 

denominator. In Müller’s method, the sign is chosen to agree with the sign of b. This choice will 

result in the largest denominator, and hence, will give the root estimate that is closest to x2. 

Once x3 is determined, the process is repeated. This brings up the issue of which point is discarded. 

Two general strategies are typically used: 

1. If only real roots are being located, we choose the two original points that are nearest the 

new root estimate, x3. 

2. If both real and complex roots are being evaluated, a sequential approach is employed. That 

is, just like the secant method, x1, x2, and x3 take the place of x0, x1, and x2. 

Example 7.2 

 
 



NEUB MAT 201 Lecture 5: Polynomials 

Prepared BY 
Shahadat Hussain Parvez  

P
ag

e6
 

 

 
Pseudo code to implement Müller’s method for real roots is presented in the figure below Notice 

that this routine is set up to take a single initial nonzero guess that is then perturbed to develop the 

other two guesses. Of course, the algorithm can also be programmed to accommodate three 

guesses. 

 



NEUB MAT 201 Lecture 5: Polynomials 

Prepared BY 
Shahadat Hussain Parvez  

P
ag

e7
 

 
 

 

 

 

 

1. Chapra examples 

a. 7.1 

b. 7.2 

c. 7.4 

d. 7.5 

2. Use Muller’s method to find the root of equation 

a. 𝑦 = 5𝑥3 + 9𝑥2 + 3𝑥 + 2 

b. 𝑦 = 5𝑥4 + 9𝑥3 + 3𝑥 + 2 

3. Find the roots of the following by implementing them in programming language of your 

choice 

a. 𝑓 𝑥 = −0.6𝑥2 + 2.4𝑥 + 5.5 

b. 𝑓 𝑥 = 4𝑥3 − 6𝑥2 + 7𝑥 − 2.3 

c. 𝑓 𝑥 = −26 + 85𝑥 − 91𝑥2 + 44𝑥3 − 8𝑥4 + 𝑥5 

 

 

 

Reading Materials 
1. Numerical Methods for Engineers by Steven C. Chapra and Raymond P. Canale, McGraw Hills 

Education, 6th Edition 

a. Chapter 7 

 

 


